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Randomized Item Response Theory Models
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Therandomized response (RR) technique is often used to obtain answers on sen-
sitive questions. A new method is devel oped to measure |latent variables using the
RR technique because direct questioning leads to biased results. Within the RR
technique is the probability of the true response modeled by an item response
theory (IRT) model. The RR technique links the observed item response with the
true item response. Attitudes can be measured without knowing the true individ-
ual answers. This approach makes also a hierarchical analysis possible, with
explanatory variables, given observed RR data. All model parameterscan be esti-
mated simultaneously using Markov chain Monte Carlo. The randomized item
response technique was applied in a study on cheating behavior of students at a
Dutch University. Inthisstudy, it is of interest if students' cheating behavior dif-
fers across studies and if there are indicators that can explain differences in
cheating behavior.

Keywords: analysis of variance, item response theory model, Markov chain Monte Carlo
(MCMC), random effects, randomized response

The collection of data through surveys on highly personal and sensitive issues
may lead to answering refusals and fal se responses, making inferences difficult.
Obtaining valid and reliableinformation depends on the cooperation of the respon-
dents, and the willingness of the respondents depends on the confidentiality of their
responses. Warner (1965) developed a data collection procedure, the randomized
response (RR) technique, that allows researchers to obtain sensitive information
while guaranteeing privacy to respondents. For example, arandomizing deviceis
used to select aquestion from agroup of questions and the respondent answersthe
selected question. The respondent is protected because the interviewer will not
know which question is being answered. Warner’s and related approaches were
specifically developed to hide answers of the respondents and to estimate propor-
tions and related confidence intervalsin the population.

In some applications, randomized response data can be hierarchically structured,
and there is an interest in group differences regarding some sensitive individual
characteristic. One could think of an application where it is of interest to know if
cheating behavior differsacrossfacultiesor if social security fraud ismorelikely to
appear in groups with certain characteristics. However, the usual randomized
response models do not allow a hierarchical data analysis of the RR data. Statisti-
cal methods for hierarchically structured data, for example analysis of variance
(ANOVA) or multilevel analysis, cannot be applied because the true individual
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responses are unknown. The true item responses are defined as the item responses
that would have been obtained when directly asking sensitive questions given truth-
ful answers of the respondents. In most situations, it can be assumed that direct ques-
tioning, for obtaining sensitive information, leads to biased results.

It is shown that this problem can be circumvented when item response theory
(IRT) isused for modeling the true responsesto aset of items. An IRT model spec-
ifies the probability of arespondent achieving a score on an item, as a function of
therespondent’ s continuous val ued unobservabl e (latent) attitude and item param-
eters(Lord & Novick, 1968). The RR model relates the observed RR datawith the
true item response data. The proposed method enables researchers to perform a
hierarchical analysis of some underlying characteristic or attitude measured by a
set of randomized item responses.

Itiswell known that data collection by means of direct questioning often results
in biased estimates when asking sensitive questions. Furthermore, the RR tech-
nique estimators of the population proportions have larger standard errorsthan esti-
mators from direct questioning. Therefore, Scheers and Dayton (1988) devel oped
acovariate randomized response model. The RR technique estimation isimproved
by using a covariate that correlates with the individual |atent characteristic or atti-
tude. Thistechniqueiseasily incorporated in the proposed method using IRT. That
is, covariates concerning individual or group characteristics can be taken into
account in the estimation of the true individual sensitive attitudes given the ran-
domized responses. However, it is also possible the other way around, to explore
characteristics that can be held responsible for individua differencesin attitudes.
Therefore, the differential influence of individual and group characteristics on
sensitive characteristics can be investigated.

This article can be divided into three parts. In the first part, the proposed ran-
domized item response theory (RIRT) model isdescribed for the Warner technique
and the unrelated-question technique (Greenberg, Abul-Ela, Simons, & Horvitz,
1969). A description is given of theincorporation of covariates and the hierarchi-
cal RIRT model. The second part shows an application of the hierarchical RIRT
model to data on cheating behavior of students at a University in the Netherlands.
In the final part, a Markov chain Monte Carlo (MCMC) estimation procedure is
described for estimating simultaneously all parameters of the hierarchical RIRT
model. As aresult, the extra variance induced by the RR technique is taken into
account in the estimation of the other parameters.

The Randomized Item Response M odel

The commonly used RR models, Warner’s model and the unrelated-question
model, are extended with an IRT model to giveriseto ahierarchical analysisof the
underlying attitude.

The Warner Model

In the data collection procedure, arandom device is used in such away that a
respondent answers one of two randomly selected questions. Furthermore, the
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respondent does not reveal the question that has been selected. When answering
aset of items, each item is presented in a positively and negatively worded form.
L et tdenote the true probability of giving apositive response (Y = 1) and p denote
the known probability of selecting a particular question of an item based on the
randomization device. It follows that

P(y=1)=prn+(1-p)(1-mn. )

From a sample of responses, the true probability of a positive response in the popu-
lation, 11, can be estimated (Warner, 1965) given the observed responses. In adiffer-
ent perspective, it could be stated that the trueitem response, denoted as, that would
have been obtained by means of direct questioning is missing. Only the observed
responsey is obtained because of the interference of the randomization device.

IRT models are commonly used for measuring attitudes or abilities given item
responses. Obvioudly, an IRT model can be used to measure a (sensitive) charac-
teristic if the true item responses are observed. Suppose that respondents, indexed
iji=1,...,n,j=1,...,J), aenestedingroups, indexed (j =1, .. ., J). Thetrue
item responsesto thek =1, . . ., K items are captured in amatrix §. It is assumed
that the set of items are composed to measure some underlying attitude 6. Accord-
ing to atwo-parameter (normal ogive) IRT model: the probability of atrue positive
response on item k of arespondent, indexed ij, with attitude level 8y, is given by

P (Vi = 18y, &, b) = D(@8; - by, 2)

where g, and by are the item parameters measuring the discriminating power and
difficulty of item k, and & denotes the standard cumulative distribution function.
An item with high discriminating power resultsin high scores of respondentswith
high attitude level and low scores of respondents with low attitude level. The
respondents score about the same when the discriminating power is low. Respon-
dents score poorly onitemswith ahigh difficulty parameter and well onitemswith
alow difficulty parameter.

Thenormal ogivemodel, Equation 2, iseasily integrated in Warner’ smodel. It fol-
lowsthat the probability of a positive response on item k for astudent indexed ij is

P(Yi=1) = pru + (1 - p)(1 - ), ©)

where 15 = P (?ijk = 108y, &, by). In this randomized item response theory
(RIRT) model, Equation 3, the true nonobserved item responses are modeled by
an IRT model, and they are linked to the observed item responses via Warner’s
RR technique.

The whole concept becomes clearer through a probability tree. In Figure Litis
shown how a true response to item k of a person indexed ij leads to an observed
item response according to the RIRT model based on Warner’s RR technique.
First, the value of the unobserved true response ¥ depends on the value of the
latent attitude, 6;; and the item parameters. Second, the observed item response
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FIGURE 1. Probability tree of the RIRT model using Warner’s RR technique.

depends on a probability p attributable to the interference of the randomization
device. For example, the respondent, with éttitude level 6;, gives a positive true
(latent) response on item k with probability ®(a8; — by). A negative response is
observed with aprobability 1 — p.

The Unrelated-Question Model

In the unrelated-question model, the respondent replies to one of the two ques-
tions, but one of the questionsis completely innocuous and unrel ated to the under-
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lying characteristic. Greenberg et al. (1969) assumed that the respondent might
be more truthful when using the unrel ated-question technique. In the most simple
form, the outcome of the unrel ated question isknown, and the corresponding pro-
portion of positive answersisalready known. So, the object isto estimate thetrue
proportion of positive responses on the sensitive question. Thisfollows in a nat-
ural way in the forced alternative method (Fox & Tracy, 1986). The randomized
device determines whether the respondent is forced to answer positively, nega-
tively, or to answer the sensitive question. For example, in the study described
below, concerning cheating behavior of students at a Dutch University two dice
were used. The respondents were asked to roll two dice and answer “yes’ if the
sum of the outcomes were 2 or 3, answer the sensitive question if the sum were
between 3 and 11, and answer “no” if the sum were 12. Let p, be the probability
that the respondent has to answer the sensitive question and p, be the probability
of aforced positive response given that aforced response has to be given. Here,
p; = 3/4 and p, = 2/3. So, the probability of observing a positive response onitem
k from respondent ij, that is Yy, =1, is

P(Y; = 1) = 3/4m, + 1/4- 2/3. (4)

The probability Tt represents the probability on a positive response when directly
asking the sensitive question. Again, an IRT model can be used to model the true
item responses.

InFigure 2, aprobability treeis given that presentsthe relationship between the
true response and the observed response. For example, there are three ways of
observing a positive response. With a probability T, a positive responseis given
on the sensitive question, with probability p,, this response is also observed, and
with probability (1 — p,)p., aforced positive response is observed. With probabil-
ity 1 — 1%, anegative response on the sensitive question is given, but aforced pos-
itive response is observed with probability (1 — py)p.. The graph displays all
possible outcomes with probabilities.

The forced alternative method is comparatively easy for respondents to com-
prehend. Furthermore, it can be safely assumed that the values of the parameters
p; and p, are known. In the unrelated-question model, it isnot always clear if these
parameters are known without error or have to be estimated. When asking an un-
related question concerning acharacteristic of the respondents, the popul ation under
survey may have changed or may be slightly different from alarger population for
whom the proportion of positive responses is known.

A Hierarchical RIRT Model

There are at least two interesting extensions of the described RIRT model. In
the first, the population proportions of the true positive responses may vary from
group to group. Thisway it can beinvestigated if the proportions of true positive
responses, regarding a particular item, differs per group. In the second extension,
the population attitude means may differ. Then, interest is focused on attitude
differences between groups.
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FIGURE 2. Probability tree of the RIRT model using the unrelated-question model.

ANOVA of Population Proportions

It is assumed that the groups are randomly selected from a larger population.
Then, the true mean population proportions can be broken down in a group con-
tribution, a random group effect plus a general population mean, and a deviation
for each respondent from their group’ s contribution. Consider the responsesto item
k. Let 1t denote the probability on a positive true item response defined in Equa-
tion 2. It follows that

(1) = M+ Qi+ Eijio ©)

where | isthe general mean, considering all responsestoitemk, and {; istheran-
dom group effect. The random effects may be transformed, {j = {j — ., where
L« isthe general mean. It is assumed that e, JN(0, 0?) and {jx DN(0, 7). That
is, the responses of subjects in different groups are independent. The model in
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Equation 5 is a random effects model with a probit link for the true Bernoulli
response. Notice that the true Bernoulli responses, modeled by an IRT model in
Equation 2, are based on the randomized responses. The general mean is the
unweighted average of all group means and implies that the random group effect
(jx has expected value zero. It is possible to extent the model in Equation 5 by
introducing individual respondent or group characteristics. They can explain dif-
ferences between the individual probabilities, or increase the accuracy of the
corresponding estimates.

ANOVA of Individual Attitudes

Test or questionnaires are used to measureindividual attitudesthat are sensitive
in nature. Therefore, an RR technique is used because it is expected that certain
guestions elicit either wrong answers or noncooperation from the respondent. The
extension of an RR model with an IRT model includes latent attitudes of the
respondents. The second model extension concerns the latent attitudes.

When the respondents are nested in groups, it can be assumed that different atti-
tudes are more alike when they belong to the same group. Assume that the groups
are sampled from alarger population of groups. Then, the model equation is

Bi=Yotu+e;, (6)

where u, N0, 6?), and g; DN(0, 02). Here, y, isthe general mean, and u; isthe
random group effect on the attitude of the respondent indexed ij. There are various
interesting possibilities. For example, in the real data example described below, it
wasinvestigated if group mean attitudes regarding cheating differed across studies.
In afixed effect ANOVA, it can be tested if, for example, males are more willing
to commit social security fraud or if male students are more likely to cheat on
examination tests given RR data. When individual or group characteristics are
available, the RIRT model can be extended to a multilevel model with a latent
dependent variable. Thismodel resemblesthe multilevel IRT model devel oped by
Fox (2004) and Fox and Glas (2001), except that here the observations are obtained
viaan RR technique. A multilevel model describes the relationships between the
“outcome” variable (attitudes, abilities), group characteristics (group size, finan-
cial resources), and respondents’ characteristics (achievements, social background).
Then, individual and group characteristics can be used to explore differenceswithin
and between groups regarding the measured attitudes.

Parameter Estimation

Thehierarchical RIRT model containsthree components, arandomized response
model, p(YOY), that relates the observed item responses with the true underlying
item responses assuming that the probabilities concerning the randomization device
areknown. Anitem responsemodel, p(Y®, a, b) for measuring the underlying atti-
tudes. A structural hierarchical model, p(600X, W, B), where X and W areindivid-
ual and group characteristics, respectively, and B are the fixed and/or random
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effects. Thislast component isthetarget of inference and comprehendsthe ANOV A
or multilevel analysis of the respondents’ attitudes.

MCMC estimation (see, e.g., Gelfand & Smith, 1990; Geman & Geman, 1984;
Gilks, Richardson, & Spiegelhalter, 1996; Tanner & Wong, 1987) is a powerful
tool for estimation in complex models. An MCMC procedure can be applied to
estimate simultaneously all model parameters. It requires the specification of all
full conditionals, as described in the Appendix. Within the Bayesian analysis,
proper uninformative priors are used. The exact specifications of the priors are
given in the example and in the Appendix. Simulated values from the posterior
distributions are obtained using the Gibbs sampler. The sampled parameter val-
ues can be used to estimate all model parameters, including the attitude of the
respondents.

The estimation problem can also be viewed as amissing data problem. The vari-
able of interest, the latent attitudes, cannot be observed directly but usually infer-
ences can be made from observed item responses. However, the observed data
consist of randomized item responses. So, the latent attitudes, as well as the true
item responses are missing. A popular technique for handling missing datais mul-
tiple imputation, see, for example, Rubin (1987, 1996) or Mislevy (1991). Multi-
pleimputations can be used to replace missing values with several potential values
fromits posterior distribution. In summary, true item responses are sampled given
the observed randomized responses, and latent parameter values are sampled given
the sampled true item responses.

Simulation

A simulation study was carried out to assess the performance of the Gibbs sam-
pler. Thereafter, results are reported of an example to illustrate the method. The
simulated data contained item responses of 1,000 respondents, say students,
equally divided over j = 1, .. ., 20 groups, say schools. It was assumed that the
k=1, ..., 20 items measure an underlying unidimensional characteristic. The
latent variable @ was generated viaamultilevel model, that is,

0 = By + ByX; + €
Boi = Yoo * Ug
By = Yao + Uy, (7)

wheree; ON(0, 0. = 1), and u; ON(O, T) with T adiagonal matrix with elements
.1. So, it was assumed that the underlying attitudes of studentsin different groups
were independent. The variable X can be seen as an individual background vari-
able and was simulated from anormal distribution with standard deviation V.5. Via
anormal ogive model, Equation 2, true item responses, Y, were simulated, with
item discrimination parameters equal to one and difficulty parameters equal to
zero. Then, the forced randomized response method was used (see Figure 2) to
simulate randomized item response data 'Y .
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One hundred data sets were generated and analyzed using the Gibbs sampler.
All parameter estimates are based on 50, 000 iterations and a burn-in period of
5, 000 iterations. The convergence of the MCMC chains was checked using
the standard convergence diagnostics from the Bayesian output analysis (BOA,
http://www.public-health.uiowa.edu/boa). The BOA software containsthe Geweke
convergencetest, the Raftery—L ewistest, the Heidelberg—Wel ch, and the hal fwidth
test. The diagnostic tests and plots of the sampled values indicated convergence
of the MCMC chains. The log-posterior associated with each draw of (a, b, v,
0., T) was computed. Moreover, two parallel MCMC samplers were ran using
dispersed initial values. Figure 3 shows sample paths of the log-posterior, the
fixed effect yo0, and the Level 1 standard deviation o, of the RIRT model, corre-
sponding to one of the simulated data sets. Each individual plot contains the
overlaid traces from both parallel chainsfor a single parameter. The quick mix-
ing of the parameters are obvious, and it can be seen that the Gibbs sampler con-
verged within 5, 000 iterations. The corrected Gelman and Rubin convergence
diagnostic (Brooks & Gelman, 1998) also suggested good mixing within and
between chains. Notice that the mean estimate of the log-posterior values can
also be used to compute a Bayes factor.

In this Bayesian analysis, proper but independent noninformative priors were
used. For the item parameters, a simultaneous noninformative proper prior was
defined ensuring that each item had a positive discrimination index, see the Appen-
dix for specific details. Then, normal priors were assigned to (v, ) with very large
variancesto maketheir meansirrelevant. A Wishart prior with small degreesof free-
dom, with the identity matrix asthe precision matrix, wasassigned to T-. Finaly, a
gamma prior was assigned to o, with small valuesfor the scale and shape parameters.

In this simulation study, the simulated 6 and item parameter values were used
to simulate randomized item response data, Y, and also used to simulate true item
response data, Y, The true item response data were analyzed without the random-
ized response technique. Figures 4 and 5 present the estimated sample posterior
mean and 95% credible intervals (Cl) of the discrimination and difficulty parame-
ter, respectively, given the true item response data in the upper panel, and given
the randomized response data in the lower panel. The actual coverage, that is, the
percentage of intervalsthat contained the true parameter value are presented above
each Cl. The horizontal dashed line presents the true item parameter values.

Theitem parameters were estimated given the true item response data and the
randomized item response data. It can be seen that the Gibbs sampler gives rea-
sonableresults, that is, there is a close agreement between the true parameter val-
ues and the estimated means. Theitem parameter estimates based on the trueitem
response data have smaller credible intervals. Larger posterior variances were
computed for the estimates based on the randomized response data because thereis
lessinformation available from each respondent. When increasing the sample size
of the randomized response data the same precision can be obtained. Furthermore,
more efficient estimates are obtained when moving p; and p, further apart from
each other. It isremarkable that all estimates of the discrimination parameters are

9



Fox

Log Posterior
-15800  -15400

-16200

-16600

0.8
0.7
0.6
Yoo
0.5

0.4

0.3

1.10

1.05

1.00

0.95

Chain 1
————— - Chain2
e , | !
Mt onl g : | : . | | | | | 1
ol S | | . N b
Hu“ LR (ks B ‘”w : A
“3‘\ L e e R S Y
O i MY 0 i { I Y A w N
o Vil I R T it | | i 0
1 | : | it | [RET Hillli [ i‘ T i
il R BN ‘ " ‘ I ‘
| I i 1 |
! ! 1 h !
! ! [ | i
! i
0 10000 20000 30000 40000 50000
Iteration
I |
I [T
| | . I Iy |
i e N [
gty [ i It | !
‘ i I, I I TR i VS (L I
i ik I | i HiTHE I ‘ i
\ 1 i 1| (W | | i
(LR | _H\ L‘ | i it ‘ 1 AR |
il AN A I R PR A ‘|
\ A O T i b | i I VIRl " )
| | “ i ! { I !\“‘ R b AU | } i
A (] \ O 1 N ‘ I
i | ! | ; i / I
[ : : i i
. i I
0 10000 20000 30000 40000 50000
Iteration
! l ‘ 1
i I | i . FA !
P ! THEN i [ l e e I 1
(Iem! T IR T A R 1R 1 i u‘ i 1 u”i‘ H‘ !“\
i [ 1 | I I 1t [ MUl
1| (ki gl [ i“ Al b Ihil ‘ i B A
| il i il i R il |
1H il i I i I I |
1| At ) AR f i f T
(i ik i ‘i“ LR 1 T I
T T R, : FpiE
TR i J
3 |
0 10000 20000 30000 40000 50000
Iteration

FIGURE 3. Trace plots of the log-posterior, fixed effect vy, and the Level 1 standard
deviation corresponding to the RIRT model.

slightly above one. The model wasidentified by fixing the scale of thelatent vari-
able and this could provoke the small amount of bias in the estimates of the dis-
crimination parameters. To make the outcomes comparable, both models were
identified in the same way.
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FIGURE 4. Plots of the overall estimates and credible intervals of the discrimination
parameters, based on the simulated true itemresponse data and the randomized response
data.

Table 1 givesthe multilevel parameter estimates. The true generated parameter val-
ues are given under the label Gen. The sample estimates of the multilevel parame-
ters given the true latent smulated variable 0 are given under the label ML model.
These parameter estimates were obtained using a Gibbs sampler for estimating the
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FIGURE 5. Plots of the overall estimates and credible intervals of the difficulty parame-
ters, based on the simulated true item response data and the randomized response data.

parameters of multilevel model (see, e.g., Seltzer, Wong, & Bryk, 1996), with the
samekind of prior information. The sampl e posterior mean, posterior standard devi-
ation, the 95% credibleintervals, and the actual coverage, based on the randomized
response data, are given under the label RIRT model. Again, the sample posterior
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TABLE 1
Results of Smulation Sudy Regarding Multilevel Model Parameters. Generating Values,
Means and Standard Errors of Recovered Values

Gen. ML Model RIRT Model
Fixed Coeff. M D M b Cl Cov
Yoo 0.50 0.51 0.06 0.51 0.08 [0.35,0.66] 0.96
Yio 0.50 0.51 0.06 0.48 0.05 [0.39,0.58] 0.94
Random Var. Comp. S Var. Comp. D Cl Cov
Oc 1.00 1.00 0.04 1.02 0.02 [0.97,1.07] 0.98
To 0.32 0.30 0.03 0.33 0.05 [0.21,0.49] 0.92
Tot 0.00 -0.00 0.02 -0.00 0.03 [-0.06,0.02] 0.62
T 0.32 0.29 0.04 0.28 0.05 [0.13,0.38] 0.72

means and standard deviations resemble the true parameter values. A small differ-
ence with the true value was obtained in the sampl e estimate of the parameter t,. It
can be stated that the true posterior standard deviation between the slope parameters
was underestimated. The sampl e estimate of thisparameter was al so underestimated
given the true dependent variable. The parameter 14, represents the covariance
between the random intercept and random slope parameter. The low coverage per-
centage of this covariance parameter was caused by the relatively small posterior
standard deviations concerning the estimates of 1. The standard deviations of the
parameter estimates regarding the RIRT model are slightly higher in comparison to
multilevel model parameter estimates that are based on the true dependent variable.
The fixed parameter estimates and the intraclass correlation coefficient are signifi-
cant. So, the multilevel analysis given the randomized response data, using the
MCMC algorithm, did result in the exposure of the fixed and random group effects
concerning the latent underlying individual characteristics.

Analyzing Cheating Behavior at a Dutch University

Detecting fraud is difficult, and educational organizations are often not willing
to expend the effort required to get to the bottom of cheating cases. On the other
hand, student cheating and plagiarism become important problems with therising
possibilities of ways to cheat on exams. The introduction of mobile phones and
handheld computers has led to high-tech cheating with web-equipped cell phones
or handheld organizers. Today, with the latest developed mobiles, text messages
or photographs of test questions are easily send to others. In 2002, a study was done
to assess cheating behavior of studentsat aUniversity inthe Netherlands. Themain
targets wereto investigate the number of students committing fraud, their reasons,
and the different ways students cheat on exams.

A sample of studieswas drawn from which a stratified sample of students was
drawn so that different studies were represented proportional to their total number
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of students. The students received an e-mail in which they were asked to cooper-
ate. Theforced alternative method was explained in the e-mail to gain the respon-
dents' confidence, so that they were willing to participate and also to answer
truthfully. A Web site was devel oped contai ning questions concerning cheating on
exams and assignments. Each item was a statement, and respondents were asked
whether they agreed or disagreed with it. When a student visited the Web site, an
on-Web dice server rolled two dice before aquestion could be answered. Theresult
of both rolls determined if the student was compelled to answer “yes,” when the
sum of the outcomes were two or three, to say “no” when the sum was twelve, or
to answer the sensitive question, in the other cases. In fact, aforced response was
automatically given because it is known that some respondents find it difficult to
be compelled to lie (see Fox & Tracy, 1986). The forced response technique was
implemented with p, = 3/4 and p, = 2/3.

The items asked were divided in three groups: investigating ways, frequencies,
and reasons to commit fraud. The responses to the set of items contained more
information than cheating behavior of the respondents. Therefore, the responsesto
the items that were assumed to measure the underling attitude, cheating behavior,
were selected. It was investigated, by means of an item analysis, that a subset of
20 items reflected a single underlying characteristic and formed an internally con-
sistent scale. The total number of respondents (698) were divided over J = 7 dif-
ferent studies, that is, Computer Science (CS), Educational science and technology
(EST), Philosophy of Science (PS), Mechanical Engineering (ME), Public Admin-
istration and Technology (PAT), Science and Technology (ST), and Applied
Communication Science (ACS).

Frequencies at the item level of cheating can be given from aclassical analysis
of the RR data (Warner, 1965). In summary, about 25% of the respondents have
once cheated on an exam. However, almost 55% of the students admit that they
have observed cheating. To obtain more information at theitem level and to inves-
tigate group mean differences, the RIRT model was estimated given the RR data
to the set of 20 items. Various RIRT models were estimated, and each model was
identified by fixing the scale of thelatent attitude, with mean zero and variance one.
Each MCMC procedure contained 50,000 iterations and a burn-in period of 5,000
iterations. Convergence of the M CM C chainswas checked using the standard con-
vergence diagnostics from the BOA program. Plots of the runs and the diagnostic
tests suggested a convergence of the MCMC chains.

In Figure 6, the top figure presents the estimated posterior distribution of the
latent attitudes of the respondents towards cheating. The 10 students with the low-
est score on thisattitude scale are CS students and the 10 highest scores correspond
to six EST, two PAT, and two ACS students. In fact, al students can be ordered
with respect to this attitude scale. The bottom figure presents three item character-
istic functions (1CF). Each function specifies the probability of apositive response
given the value of the latent attitude. The probability of a positive response
increases asthelevel of the latent attitude increases. The three |CFs concern items
about ways of cheating. The respondents were asked if they engaged in these
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specific forms of cheating. Just 5% of the respondents gave a positive response on
Item 1, “During an examination, received answers from other students by signal-
ing.” Item 12, “Copied an answer by looking at another student’ s test paper,” was
positively answered by 24% of the respondents. The ICF of Item 12 shows that,
given the overall mean level of the attitude, the probability of a positive response
isabout 17%. This probability is about 32% for Item 17, “Used forbidden materi-
als, asacrib note, during an exam.” So, almost onethird of the students have once
used acrib note, and this seemsto be the most popular method. Asamatter of fact,
thisisin line with other researches regarding cheating (Cizek, 1999).

Differencesin Group Means

Interest was focused on investigating differences in group mean attitudes and
proportions. First, it wasinvestigated if the mean proportion of positive responses
differed across studies. In specific, Iltem 17, described above, and Item 10, “Writ-
ten additional information in a reference book that was permitted for answering
questions,” were considered. The RIRT model was extended with Equation 5 for
k = 10 and k = 17, to investigate if the group mean probabilities of a positive
response differed.

InFigure 7, the estimated random group effectsfor Item 10 and Item 17 are plot-
ted with Cls. For both items, the realized group mean probabilities are given in
parenthesis. The labels of the groups include, in parenthesis, the number of stu-
dents. Itisremarkablethat far |ess positive responses were given by Computer Sci-
ence students. It could be that these students did not trust the method build within
aWeb site, but no evidence was found to substantiate this. So, the probability of
students using a cheat sheet or other forbidden material varies across studies and
isparticular low for Computer Science students. The intraclass correlation coeffi-
cientsare .34 and .38, with 95% credibleintervals[.16, .52] and[.18, .58], for Items
10 and 17, respectively. So, the fraction of the total variance in the individua
response probabilities, attributable to the grouping of students in classes, is quite
large for both items.

Another important question was if cheating behavior of the students varied over
studies. The differences in attitudes across studies was analyzed with a random
effectsmodel. Theattitudes of the studentswere broken down in a.contribution from
the group, Y, + u; and adeviation for each student from the group’ s contribution, e;,

Bi=Yotu+e;, (8)

where both residuals, u, and g;, are assumed to be independent. Furthermore, u,
is normally distributed with variance o2 and g; normally distributed with vari-
ance 03. Therefore, y, isthe general mean, and u; is the contribution of the group
indexed j to the attitudes of the students belonging to it. In Table 2 the parame-
ter estimates are given. Because scaling is the overall mean of the attitudes, s,
zero. The intraclass correlation coefficient is around .17, with a 95% credible
interval (.04, .30). This means that around 17% of the total variance, because of
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-Iggn?ilc;rizEﬁects ANOVA of Students' Cheating Behavior Nested Within Studies

RIRT Model
Fixed Effects Coefficient D Cl
Yo -0.02 0.17 [-0.36,0.32]
Random Effects Variance Component D Cl
Oe 0.95 0.06 [0.88, 1.00]
(o 0.42 0.14 [0.16, 0.70]

individual differences in cheating behavior, can be explained by class differ-
ences. The largest difference in attitudes is between the Computer Science and
Educational Science and Technology students. The realized group mean attitude,
on astandard normal scale, of CSstudentsis—.73, and .27 for EST students. This
reveals itself in different group mean probabilities. For example, the realized
estimated probability of apositive responseto Item 12 is.04 for CS students and
.23 for EST students.

Studiesabout students cheating often considered whether mal e studentsare more
likely to cheat than female students. It is generally believed that female students
have a greater tendency to follow rules and fear the consequences should they be
caught. On the other hand, female students may have a growing sense that they
must cheat to compete with male students, especially in male-dominated classes.
The RIRT model, extended with arandom effects model, was used to investigate
gender effects on cheating behavior taking account for the effect that the students
are nested in studies. The random effects model in Equation 8 was extended with
explanatory variable Male,

8= Yo+ y:Male; +u; + €, )

where Male was coded as O for female and 1 for male students. Table 3 givesthe
parameter estimates obtained from the MCMC algorithm. The mean attitude of
the female students, vy, is zero, because the scale of the latent attitude was fixed
with mean 0 and variance 1. The effect of Maleisslightly negative, indicating that
male studentsarelesslikely to cheat, but the effect isnot significant. It can be con-
cluded that the group mean attitudes toward cheating of male and femal e students
do not differ.

In conclusion, not “everyone sdoing it,” but about 25% of the students admit-
ted they have once cheated on an exam. The analysiswith the RIRT model revealed
that cheating behavior varied across studies, and that Computer Science students
arelesslikely to cheat. Furthermore, proportion of positive responsesto the use of
forbidden materials also varied over classes, in specific, EST students are most
likely to use forbidden materials.
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TABLE 3
Sudents’ Cheating Behavior Related to Gender with the Intercept Varying
Between Studies

RIRT Model
Fixed Effects Coefficient D Cl
Yo 0.01 0.05 [-0.09, 0.01]
yi (Male) -0.07 0.21 [-0.49,0.33]
Random Effects Variance Component D Cl
Oe 0.94 0.06 [0.92, 1.03]
o8 0.43 0.15 [0.15,0.71]

Discussion

Individual attitudes can be estimated when the probability on a positive
response, regarding the sensitive question, is modeled by an IRT model. An atti-
tude of an individual toward a sensitive topic can be estimated while obtaining
privacy regarding its individual answers. This also makes it possible to compare
mean group attitudes and to order respondents on ascale, without knowing thetrue
individual answers. The incorporation of an IRT model opens the possibility for
other statistical analyses, such as a one-way classification or multilevel analyses.
That is, the IRT model based on RR data can be extended to alow for a nesting
of the respondentsin groups and explanatory variables concerning characteristics
of the respondents or groups. ANOVA could be interesting for comparing pro-
portions of respondents that are cheating conditional on some grouping variable,
gender, socioeconomic status or level of education, without asking respondents
directly sensitive questions.

All parameters can be estimated simultaneously using the Gibbs sampler.
MCMC can be used for computing the true responses, and results in an easy to
implement procedure. Further analyses are straightforward, given the sampled
parameter values. This in contrast to earlier work on Bayesian inference of ran-
domized response data that results in posterior distributions that are not easy to
work with, involves heavy computations, or rely on approximations (see, e.g.,
Migon & Tachibana, 1997; Winkler & Franklin, 1979). Theimplementation of the
MCMC algorithm can be extended to perform certain model checks. Checking the
model assumptionsisanimportant problem. Within the Bayesian framework, pos-
terior predictive checks can provide information regarding the global fit of the
model and specific diagnostics can be developed to check such assumptions as
local independence, heteroscedasticity, and autocorrelation. Further research will
focus on thisissue.

The RR method is meant for dichotomous responses but can be extended to
polytomous responses using a nominal response model, when there is no a pri-
ori ordering of the categories, or a graded response model, when the available
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categories can be ordered. Then, using the forced alternative method, the corre-
sponding randomization device should be set up in such away that with probabil-
ity p atrueresponseisgiven, and with probability 1 — p, aforced responseisgiven
in one of the response categories with a certain probability. Respondents may feel
that their answers to (sensitive) questions cannot always be captured by true or
false. Inpractice, itemswith afive-point Likert response format from “ 1 = strongly
disagree” to “5 = strongly agree” are frequently used in educational and psycho-
logical measurement.

The posterior variance of the estimated latent characteristic has two compo-
nents. Oneis the usual sampling variance associated with the truthful responses.
The other isthe additional variance caused by the uncertainty associated with the
randomized responses. The RR method only works, in the Warner model, when
the probability of asking the sensitive question is not equal to 1/2. The posterior
variance of the estimates can be large when this value is close 1/2 and will be
smallest for values near zero or one, provided that the sample sizeislarge enough.
On the other hand, to gain the respondents’ confidence, the probability that the
sensitive question is chosen cannot be so high as to arouse suspicion. Thereisa
certain trade-off in obtaining honest answers and efficient estimates when using
thetraditional randomized response technique. The basic ideabehind the RR tech-
nigueisthat the respondent must believe that his or her answer cannot be incrim-
inating. However, when applying the RIRT model, inferences can be made at the
individua level. So, the subject will probably not cooperate when he or she fully
understands this new RIRT model analysis. This paradox complicates the effec-
tiveness of the RIRT model because the method isinvented for obtaining truthful
answers. Perhaps it is better for researchers to explain only the randomized
response model to the respondents to keep them motivated and to keep this new
powerful statistical method intact.

Appendix: MCMC Implementation

The parameters are sampled using augmented data. First, nonobserved true
item responses are sampled given observed item responses and parameter values.
Second, latent continuous true item responses are sampled given the augmented
nonobserved true item responses and parameter values. Third, the parameter values
are sampled given the augmented continuous true item responses.

Latent Variables

The respondents, indexed ij, respondtothek=1, . . ., Kitems. The probability
of a positive true response to item k of respondent ij, is modeled by the normal
ogive model, and defined in Equation 2. The nonobserved true item responses, ¥,
are sampled given the observations, y, and values for the model parameters.

e Using Warner’'s RR technique: The probability p is known a priori and
only affects the precision of the parameter estimates. It can be seen, with the use
of Figure 1, that the true nonobserved item responses are Bernoulli distributed.
That is,
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Yijk|Yijk = 0,06, a. b ~ BH< = (AD

where Kk defines the success probability of the Bernoulli distribution and Tt the
probability on atrue positive response.

¢ Using the unrelated-question technique: Here, p;, and p, are known apriori.
Again, the nonobserved true item responses are Bernoulli distributed. From
Figure 2 it follows that, after rearranging terms,

T (P + P2(1 - py)) O
P + P(1 - o)

%@ p)L-p) O
- (P + po(1 - )

~ g
Yijk|Yijk =16, a,b ~ B%( =

?ijk|Yi]k 0 elj » S, h( BE( (AZ)

Therealizations of the augmented data, §, can be used to sample the normal ogive
parameters. To implement the Gibbs sampler for the normal ogive model, Albert
(1992) augments the data by introducing independent random variables Zy, |atent
continuoustrue item responses, which are assumed to be normally distributed with
mean a8, — by, and variance equal to one. The augmented observation ¥ can be
interpreted as an indicator that the continuous variable with normal density is
above or below zero. It follows that

Zil Wi, B, a, b DN (ab; — by, 1), (A3)
and Nyijk = I(Zijk > 0)

Parameters

Assuming independence between the item difficulty and discrimination parame-
ter simplifies the choice of the prior because independent sets of parameters may
be considered separately. A noninformative prior for the difficulty and discrimi-
nation parameter, which ensuresthat each item will have apositive discrimination
index, leads to the simultaneous noninformative proper prior

p() = p(@) p(b) D!ﬁ | (a > 0) 1 (b, DA), (Ad)

where A isasufficiently large bounded interval, in the example “A = [-100, 100].
Let Z, denote the continuous augmented true item responses to item k of all
respondents, and 0 denote all attitude parameters. Let &, = (a, by), it follows that
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§07,,0 D:N(ék, (HtH) ™) | (&> 0) | (&, by O A), (A5)

whereH = [0, 1] and ék isthe usual least squares estimator following from the
linear regression from Z, on 6 (Albert, 1992).

The respondents are assumed to be divided over J groups. When explanatory
variablesareavailable, thelatent attitudes are modeled asafunction of Level 1 and
Level 2 predictor variables. Here, the full conditional of the latent attitude is
described. The full conditional of the respondents’ 0 is specified by the linear
regression of Z on 0, with discrimination parameters a as the regression coeffi-
cients, and the linear regression of 0 on the Level 1 characteristics, with random
regression coefficients  and variance parameter o2 The attitude parameters are
distributed as a mixture of normal distributions, and the full conditional is again
normally distributed. Let X contain the Level 1 characteristics, it follows that

~ND§”/V+X”BJ-/0§ 1

0] Z;, £, B, 0 :
lll ij gk BJ V—1 + 0_;2 V—l

O
2 E (A6)

+ O

where

K -1
v = Q;af@

and éi,- the least squares estimator following from the regression of Z;; + b on a.
The posterior mean of Equation (A6) hasthe form of ashrinkage estimator, asthe
sampling variance v of 8 increases, the relatively weight of X;;; increases. This
means that informative Level 1 characteristics increase the precision of the atti-
tude estimates. Thefull conditionals of the random effect or the multilevel model
parameters are described in, among others, Fox and Glas (2001), Seltzer, et al.
(1996), and Zeger and Karim (1991). In thisarticle, proper noninformative priors
were used. A prior for the variance at Level 1, 02, was specified in the form of an
inverse-gamma (1G) distribution with shape and scale parameters, (n,/2, NyS/2),
and n, = 0.0001, S, = 1. An inverse Wishart prior distribution for the variance
parameter at Level 2 with small degrees of freedom, but greater than the dimen-
sion of B;. A normal distributed prior for the fixed effects with a large variance
parameter.

Consider Equation 5, where it is of interest to test the group mean proportions
of positive responses per item. With the introduction of the augmented variables Z,
Equation 5 can be written as arandom effects model,

Zij = M+ G+ € (A7)

with 4 ONT0, 6), and e IN(0, 0?). From Equation A7, it followsthat g, with
n; respondentsin group j, is normally distributed with parameters,
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E(Lul2.0% 0% 1) = % (2, )
jk|E Ve Yz Mk 0_5 T njo_g jk k
2 o2y - 0:0

where z, isthe group mean of theindividual augmented z values. Inverse-gamma
prior distributions with ny = .0001, & = 1, were specified for the variance parame-
ters, 2, and oZ. The full conditional of the random effects regression parameters,
W 02and aZ, can befound in Gelman, Carlin, Stern, and Rubin (2004, pp. 390-392).
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1. AU: “behaviors’ (plural?)

2. AU: 1995 correct? If not, please add Warner (1994) to Refs.

3. AU: Sense? Please recast sentence.

4. AU: In Eq. A6, lower case“ vee” or |.c. Greek nu?
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