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-HDQ�3DXO )R[

8QLYHUVLW\ RI 7ZHQWH

6HQG UHTXHVWV IRU LQIRUPDWLRQ WR� -HDQ�3DXO )R[� 'HSDUWPHQW RI (GXFDWLRQDO 0HDVXUHPHQW

DQG 'DWD $QDO\VLV� 8QLYHUVLW\ RI 7ZHQWH� 3�2� %R[ ���� ���� $( (QVFKHGH� 7KH 1HWKHUODQGV�

(�PDLO� )R[-#HGWH�XWZHQWH�QO�



$EVWUDFW

$Q LWHP UHVSRQVH �,57� PRGHO LV XVHG DV D PHDVXUHPHQW HUURU PRGHO IRU WKH GHSHQGHQW

YDULDEOH RI D PXOWLOHYHO PRGHO� 7KH GHSHQGHQW YDULDEOH LV ODWHQW EXW FDQ EH PHDVXUHG LQGLUHFWO\

E\ XVLQJ WHVWV RU TXHVWLRQQDLUHV� 7KH DGYDQWDJH RI XVLQJ ODWHQW VFRUHV DV GHSHQGHQW YDULDEOHV RI D

PXOWLOHYHO PRGHO LV WKDW LW RIIHUV WKH SRVVLELOLW\ RI PRGHOLQJ UHVSRQVH YDULDWLRQ DQG PHDVXUHPHQW

HUURU DQG VHSDUDWLQJ WKH LQÀXHQFH RI LWHP GLI¿FXOW\ DQG DELOLW\ OHYHO� 7KH WZR�SDUDPHWHU

QRUPDO RJLYH PRGHO LV XVHG IRU WKH ,57 PRGHO� ,W LV VKRZQ WKDW WKH VWRFKDVWLF (0 �6(0�

DOJRULWKP FDQ EH XVHG WR HVWLPDWH WKH SDUDPHWHUV ZKLFK DUH FORVH WR WKH PD[LPXP OLNHOLKRRG

HVWLPDWHV� 7KLV DOJRULWKP LV HDVLO\ LPSOHPHQWHG� 7KH HVWLPDWLRQ SURFHGXUH ZLOO EH FRPSDUHG

WR DQ LPSOHPHQWDWLRQ RI WKH *LEEV VDPSOHU LQ D %D\HVLDQ IUDPHZRUN� ([DPSOHV XVLQJ UHDO GDWD

DUH JLYHQ�

.H\ ZRUGV� %D\HV HVWLPDWHV� 'DWD $XJPHQWDWLRQ� *LEEV VDPSOHU� LWHP UHVSRQVH WKHRU\

PRGHO� 0DUNRY FKDLQ 0RQWH &DUOR� PXOWLOHYHO PRGHO� VWRFKDVWLF (0� WZR�SDUDPHWHU QRUPDO

RJLYH PRGHO�
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,QWURGXFWLRQ

0DQ\ GDWD LQ HGXFDWLRQDO VFLHQFH KDYH D KLHUDUFKLFDO RU FOXVWHUHG VWUXFWXUH� )RU

H[DPSOH� LQ VFKRROLQJ V\VWHPV VWXGHQWV DUH QHVWHG ZLWKLQ VFKRROV� ,QIRUPDWLRQ UHOHYDQW WR

HGXFDWLRQDO RXWFRPHV LV LQKHUHQWO\ PXOWLOHYHO RU KLHUDUFKLFDO LQ QDWXUH� 7R SURSHUO\ XQGHUVWDQG

HGXFDWLRQDO SKHQRPHQD UHOHYDQW WR VFKRROLQJ� LW LV LPSRUWDQW WR ZRUN ZLWK PXOWLOHYHO PRGHOV

WKDW H[SOLFLWO\ WDNH WKLV KLHUDUFKLFDO RUJDQL]DWLRQ LQWR DFFRXQW� 7KHUHIRUH� PXOWLOHYHO DQDO\VLV

LV D FRPPRQ ZD\ IRU SURSHUO\ DQDO\]LQJ VXFK GDWD �%U\N 	 5DXGHQEXVK� ����� *ROGVWHLQ�

������ )XUWKHUPRUH� PXOWLOHYHO DQDO\VLV PDNHV LW SRVVLEOH WR FRPSDUH VFKRROV LQ WHUPV RI WKH

DFKLHYHPHQW RI WKHLU VWXGHQWV DQG IDFWRUV FDQ EH VWXGLHG WKDW H[SODLQ VFKRRO GLIIHUHQFHV�

)R[ DQG *ODV ������ SURSRVHG D PXOWLOHYHO ,57 PRGHO GH¿QLQJ D ODWHQW YDULDEOH DV

WKH RXWFRPH LQ WKH PXOWLOHYHO DQDO\VLV� 7KLV DSSURDFK UHFRJQL]HV� IRU H[DPSOH� ZKLOH VWXGHQW

DELOLWLHV DUH ODWHQW YDULDEOHV PHDVXUHG ZLWK HUURU� WKH UHVSRQVHV WR WKH LWHPV RI D WHVW DUH PXOWLSOH

IDOOLEOH LQGLFDWRUV RI WKLV ODWHQW YDULDEOH� 7KH UHODWLRQVKLSV EHWZHHQ WKH REVHUYHG LQGLFDWRUV

DQG WKH ODWHQW YDULDEOH DUH PRGHOHG XVLQJ LWHP UHVSRQVH WKHRU\� 6XFK DQ DSSURDFK GRHV QRW

LPSRVH DQ DVVXPSWLRQ WKDW WKH HUURU FRPSRQHQW LV LQGHSHQGHQW RI WKH RXWFRPH YDULDEOH� L�H��

WKH VFRUH RI WKH WHVW WDNHU� ,QVWHDG PHDVXUHPHQW HUURU LV GH¿QHG ORFDOO\ DV D UDQGRP UHVSRQVH

JLYHQ WKH DELOLW\ RI WKH H[DPLQHH� 7KLV ORFDO GH¿QLWLRQ RI PHDVXUHPHQW HUURU� ZKLFK UHVXOWV LQ

KHWHURVFHGDVWLFLW\� JLYHV WKH ,57 DSSURDFK WR PXOWLOHYHO PRGHOV D PRUH UHDOLVWLF WUHDWPHQW RI

PHDVXUHPHQW HUURU WKDQ ZRXOG EH DYDLODEOH XVLQJ FODVVLFDO WHVW WKHRU\� 0RUHRYHU� ODWHQW VFRUHV

DUH WHVW�LQGHSHQGHQW� RIIHULQJ WKH SRVVLELOLW\ RI DQDO\]LQJ GDWD IURP LQFRPSOHWH GHVLJQV� VXFK

DV� PDWUL[�VDPSOHG HGXFDWLRQDO DVVHVVPHQWV� ZKHUH GLIIHUHQW �JURXSV RI� SHUVRQV UHVSRQG WR

GLIIHUHQW �VHWV RI� LWHPV�

6RPH DSSOLFDWLRQV RI WKH PXOWLOHYHO ,57 PRGHOV KDYH UHFHQWO\ DSSHDUHG� $GDPV�

:LOVRQ DQG :X ������ GLVFXVV WKH WUHDWPHQW RI ODWHQW YDULDEOHV DV RXWFRPHV LQ D UHJUHVVLRQ

DQDO\VLV� 7KH\ VKRZ WKDW D UHJUHVVLRQ PRGHO RQ ODWHQW SUR¿FLHQF\ YDULDEOHV FDQ EH YLHZHG

DV D WZR�OHYHO PRGHO ZKHUH WKH ¿UVW OHYHO FRQVLVWV RI WKH LWHP UHVSRQVH PHDVXUHPHQW PRGHO

ZKLFK VHUYHV DV D ZLWKLQ�VWXGHQW PRGHO DQG WKH VHFRQG OHYHO FRQVLVWV RI D PRGHO RQ WKH

VWXGHQW SRSXODWLRQ GLVWULEXWLRQ� ZKLFK VHUYHV DV D EHWZHHQ�VWXGHQWV PRGHO� 7KH\ VKRZ WKDW WKLV

DSSURDFK UHVXOWV LQ DQ DSSURSULDWH WUHDWPHQW RI PHDVXUHPHQW HUURU LQ WKH GHSHQGHQW YDULDEOH RI

WKH UHJUHVVLRQ PRGHO� 5DXGHQEXVK DQG 6DPSVRQ ������ HPEHGGHG WKH 5DVFK PRGHO ZLWKLQ D

WKUHH�OHYHO KLHUDUFKLFDO UHJUHVVLRQ PRGHO� 7KH /HYHO � PRGHO FRQVLVWHG RI WKH SUHGLFWDEOH DQG

UDQGRP YDULDWLRQ DPRQJ LWHP UHVSRQVHV ZLWKLQ HDFK JURXS� 7KLV ZRUN EXLOW RQ 0LVOHY\ DQG

%RFN ������ ZKR GH¿QHG JURXS�OHYHO DQG VWXGHQW�OHYHO HIIHFWV LQ D FRPELQHG KLHUDUFKLFDO ,57
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PRGHO� )LQDOO\� 3DW] DQG -XQNHU ������ GHYHORSHG D JHQHULF KLHUDUFKLFDO LWHP UHVSRQVH PRGHO

ZKLFK DOORZV FRYDULDWHV RQ VXEMHFWV DQG FRYDULDWHV RQ LWHPV�

)R[ DQG *ODV ������ GHVFULEH D IXOO\ %D\HVLDQ HVWLPDWLRQ SURFHGXUH XVLQJ *LEEV

VDPSOHU IRU HVWLPDWLQJ DOO SDUDPHWHUV� 7KH IXOO\ FRQGLWLRQDO GHFRPSRVLWLRQ RI *HOIDQG DQG

6PLWK¶V ������ *LEEV VDPSOHU SURGXFHV DQ DSSUR[LPDWLRQ IRU WKH SRVWHULRU GLVWULEXWLRQV RI WKH

SDUDPHWHUV� 7KDW LV� WKH *LEEV VDPSOHU LV XVHG WR ¿QG WKH PRGH RI WKH SRVWHULRU GLVWULEXWLRQ

LQ D %D\HVLDQ IUDPHZRUN� WDNLQJ DFFRXQW RI DOO VRXUFHV RI XQFHUWDLQW\ LQ WKH HVWLPDWLRQ RI

WKH SDUDPHWHUV� ,Q WKH SUHVHQW SDSHU� D %D\HV HVWLPDWRU ZLOO EH FRPSDUHG WR WKH PD[LPXP

OLNHOLKRRG HVWLPDWRU �0/(�� $Q DGYDQWDJH RI WKH 0/( LV WKDW LW GRHV QRW UHTXLUH VSHFL¿FDWLRQ

RI D SULRU�

7KH OLNHOLKRRG IXQFWLRQ LV FRPSOH[ GXH WR WKH DEVHQFH RI VRPH SDUW RI WKH GDWD�

0D[LPL]LQJ WKH OLNHOLKRRG GLUHFWO\ E\ LQWHJUDWLRQ LV RIWHQ QXPHULFDOO\ LQIHDVLEOH� 7KH LGHD

LV WR DVVRFLDWH ZLWK WKH JLYHQ LQFRPSOHWH�GDWD SUREOHP D FRPSOHWH�GDWD SUREOHP IRU ZKLFK

PD[LPXP OLNHOLKRRG HVWLPDWLRQ LV IHDVLEOH� 7KDW LV� WKH SUREOHP RI PD[LPL]LQJ WKH OLNHOLKRRG

LV UHIRUPXODWHG LQ VXFK D ZD\ WKDW WKH PD[LPXP OLNHOLKRRG HVWLPDWHV DUH PRUH HDVLO\ FRPSXWHG

IURP D FRPSOHWH�GDWD OLNHOLKRRG� 7KH VWRFKDVWLF (0 �6(0� DOJRULWKP LV SDUWLFXODUO\ DSSHDOLQJ

LQ VLWXDWLRQV ZKHUH LQIHUHQFH RQ FRPSOHWH�GDWD LV HDV\� 7KH DOJRULWKP KDQGOHV FRPSOH[

PLVVLQJ�GDWD VWUXFWXUHV LQ ZKLFK KLJK�GLPHQVLRQDO LQWHJUDWLRQV RYHU WKH QXLVDQFH SDUDPHWHUV

PD\ EH LQYROYHG� ,W LPSXWHV YDOXHV IRU WKH PLVVLQJ GDWD DQG WKHQ LWHUDWLYHO\ SHUIRUPV GLUHFW

SDUDPHWULF LQIHUHQFH EDVHG RQ WKH FRPSOHWH�GDWD� 7KLV PDNHV LW DWWUDFWLYH IRU HVWLPDWLQJ WKH

PXOWLOHYHO ,57 PRGHO ZLWK ODWHQW YDULDEOHV GH¿QHG E\ D FRPSOH[ VWUXFWXUDO PRGHO� 0RUHRYHU�

WKH SDUDPHWHU HVWLPDWHV UHVXOWLQJ IURP WKH DOJRULWKP DUH FORVH WR WKH PD[LPXP OLNHOLKRRG

HVWLPDWHV� )XUWKHU DSSOLFDWLRQV RI WKH 6(0 DOJRULWKP FDQ EH IRXQG LQ� H�J�� &HOHX[ DQG 'LHEROW

������� &HOHX[ HW DO� ������� 'LHEROW DQG ,S ������ DQG ,S �������

,Q WKH ¿UVW VHFWLRQ RI WKLV SDSHU� WKH QRWDWLRQ DQG D JHQHUDO PXOWLOHYHO ,57 PRGHO LV

SUHVHQWHG� 1H[W� WKH SULQFLSOHV RI 6(0 DQG WKH LPSOHPHQWDWLRQ IRU HVWLPDWLQJ WKH SDUDPHWHUV RI

D PXOWLOHYHO ,57 PRGHO DUH GHVFULEHG� )XUWKHUPRUH� D SDUDOOHO ZLOO EH GUDZQ EHWZHHQ SDUDPHWHU

HVWLPDWLRQ ZLWK 6(0 DQG WKH *LEEV VDPSOHU� 1H[W� D 'XWFK SULPDU\ ODQJXDJH WHVW ZLOO EH

DQDO\]HG DQG WKH HVWLPDWRUV ZLOO EH FRPSDUHG� )LQDOO\� WKH ODVW VHFWLRQ FRQWDLQV D GLVFXVVLRQ

DQG VXJJHVWLRQV IRU IXUWKHU UHVHDUFK�

$0XOWLOHYHO ,57 0RGHO

7KLV VHFWLRQ FRQWDLQV WKH EDVLF SULQFLSOHV DQG IRUPXODH RI D PXOWLOHYHO ,57 PRGHO� )RU
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D GHWDLOHG LQWURGXFWLRQ RI WKH PRGHO� VHH )R[ DQG *ODV ������� ,Q LWV JHQHUDO IRUP� /HYHO �

RI WKH WZR OHYHO PXOWLOHYHO PRGHO FRQVLVWV RI D UHJUHVVLRQ PRGHO� IRU HDFK RI a QHVWLQJ /HYHO

� JURXSV� � ' �c � � � c ac LQ ZKLFK WKH ?� � � DELOLW\ YHFWRU �� LV PRGHOHG DV D IXQFWLRQ RI '

SUHGLFWRU YDULDEOHV� WKDW LV�

�� ' j��� n i�c ���

ZKHUHj� LV DQ ?��'PDWUL[ RI REVHUYHG SUHGLFWRUV DQG i� LV DQ ?��� YHFWRU RI UHVLGXDOV� WKDW

DUH DVVXPHG WR EH QRUPDOO\ GLVWULEXWHG ZLWK PHDQ f DQG YDULDQFH j2W?� � $OO 'n � UHJUHVVLRQ

SDUDPHWHUV� qf�c � � � c q'�c DUH WUHDWHG DV YDU\LQJ DFURVV /HYHO �� DOWKRXJK LW LV SRVVLEOH WR

FRQVWUDLQ WKH YDULDWLRQ LQ RQH RU PRUH SDUDPHWHUV WR ]HUR� 7KH UDQGRP UHJUHVVLRQ SDUDPHWHUV

DUH WUHDWHG DV RXWFRPHV LQ D /HYHO � PRGHO

�� ' `�� n ��c ���

ZKHUH �� LV D YHFWRU RI UDQGRP HIIHFWV DVVXPHG QRUPDOO\ GLVWULEXWHG ZLWK PHDQ ]HUR DQG

FRYDULDQFH Ac `� LV D PDWUL[ FRQVLVWLQJ RI /HYHO � FKDUDFWHULVWLFV DQG � LV D 7 � � YHFWRU

RI ¿[HG HIIHFWV�

6XSSRVH HDFK RI
S

� ?� SHUVRQV� ODEHOHG � ' �c � � � c ?�c � ' �c � � � c ac UHVSRQG

WR g LWHPV� ODEHOHG & ' �c � � � cg� $ ELQDU\ UHVSRQVH t��& ' � RU f LV UHFRUGHG�

)XUWKHUPRUH LW LV DVVXPHG WKDW� FRQGLWLRQDOO\ RQ WKH LWHP DQG SRSXODWLRQ SDUDPHWHUV� WKH

UHVSRQVHV it��&j DUH LQGHSHQGHQW %HUQRXOOL UDQGRP YDULDEOHV� ZLWK SUREDELOLW\ RI VXFFHVV

R��& ' � Et��& ' � m w��c @&c K&� � 7KH QRUPDO RJLYH PRGHO LV XVHG WR PRGHO WKH iR��&j � 7KLV

OHDGV WR

R��& ' xE@&w�� � K&� c ���

ZKHUH x GHQRWHV WKH VWDQGDUG QRUPDO FXPXODWLYH GLVWULEXWLRQ IXQFWLRQ� %HORZ� WKH SDUDPHWHUV

RI LWHP & ZLOO DOVR EH GHQRWHG E\ �&� �& ' E@&c K&�
|
� 1RWLFH WKDW WKH LWHP GLI¿FXOW\ LV GHQRWHG

E\ WKH XVXDO FKRLFH K ZKLOH UHJUHVVLRQ FRHI¿FLHQWV DUH GHQRWHG E\ q� 7KH WZR SDUDPHWHU PRGHO

KDV D GLVFULPLQDWLRQ SDUDPHWHU @& IRU HDFK LWHP & ' �c � � � cg� 7KH UHVWULFWLRQV @& : fc

& ' �c � � � cgc DVVXUH WKDW D VWXGHQW� LQGH[HG ��cZLWK D KLJKHU DELOLW\ w�� KDV D KLJKHU SUREDELOLW\

RI JHWWLQJ LWHP & FRUUHFW� $Q HODERUDWH GHVFULSWLRQ RI WKH PRGHO FDQ EH IRXQG LQ WKH SLRQHHULQJ

ZRUN RI %LUQEDXP ������ DQG /RUG ������� 'LVFXVVLRQV DQG OLWHUDWXUH UHYLHZV DUH IRXQG LQ
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-RKQVRQ DQG $OEHUW ������ DQG YDQ GHU /LQGHQ DQG +DPEOHWRQ �������

)RUPXODH E�� DQG E2� GH¿QH WKH VWUXFWXUDO PRGHO DQG IRUPXOD E�� WKH PHDVXUHPHQW

PRGHO� -RLQWO\� WKLV GH¿QHV D PXOWLOHYHO ,57 PRGHO ZKLFK ZLOO EH HVWLPDWHG XVLQJ 6(0�

7KH 6(0 $OJRULWKP

7KH (0 �H[SHFWDWLRQ�PD[LPL]DWLRQ� DOJRULWKP LV D ZHOO�NQRZQ DSSURDFK IRU

FRPSXWLQJ PD[LPXP OLNHOLKRRG HVWLPDWHV LQ D ZLGH YDULHW\ RI VLWXDWLRQV �VHH� 'HPSVWHU HW

DO�� ������ 1RWDEO\� PDQ\ LQFRPSOHWH GDWD SUREOHPV FDQ EH KDQGOHG ZLWK WKH (0 DOJRULWKP�

$OVR� ODWHQW YDULDEOH PRGHOV DQG UDQGRP SDUDPHWHU PRGHOV WXUQ RXW WR EH VROYDEOH E\ (0 ZKHQ

WKH\ DUH IRUPXODWHG DV PLVVLQJ YDOXH SUREOHPV� ,Q VSLWH RI LWV PDQ\ DSSHDOLQJ IHDWXUHV� WKH (0

DOJRULWKP KDV VHYHUDO GUDZEDFNV� )RU H[DPSOH� LW FDQ FRQYHUJH WR ORFDO PD[LPD RU VDGGOH SRLQWV

RI WKH ORJ�OLNHOLKRRG IXQFWLRQ DQG LWV OLPLWLQJ SRVLWLRQ LV RIWHQ VHQVLWLYH WR VWDUWLQJ YDOXHV� ,Q

VRPH PRGHOV� WKH FRPSXWDWLRQ RI WKH (�VWHS LQYROYHV KLJK GLPHQVLRQDO LQWHJUDWLRQV� 7KHUHIRUH�

WKH (�VWHS FDQ EH FRPSXWDWLRQDOO\ GLI¿FXOW�

7KH 6(0 DOJRULWKP �&HOHX[ 	 'LHEROW� ����� SURYLGHV DQ DOWHUQDWLYH WR (0� 6(0 LV

SDUWLFXODUO\ DSSURSULDWH LQ VLWXDWLRQV ZKHUH LQIHUHQFH EDVHG RQ FRPSOHWH GDWD LV HDV\� EXW DOVR

LQ FDVHV ZKHUH WKH (0 DSSURDFK LV LQWUDFWDEOH RU ZKHUH WKH (�VWHS LQYROYHV KLJK GLPHQVLRQDO

LQWHJUDWLRQV�

7KH EDVLF LGHD XQGHUO\LQJ WKH 6(0 DOJRULWKP LV WR LPSXWH PLVVLQJ GDWD ZLWK SODXVLEOH

YDOXHV DQG WKHQ XSGDWH SDUDPHWHUV RQ WKH EDVLV RI WKH FRPSOHWH�GDWD� 7KH 6(0 DOJRULWKP

FRQVLVWV RI WZR VWHSV� 7KH 6�VWHS JHQHUDWHV D FRPSOHWH�GDWD VDPSOH E\ GUDZLQJ PLVVLQJ GDWD�

JLYHQ WKH REVHUYHG GDWD DQG D FXUUHQW HVWLPDWH RI WKH SDUDPHWHUV� $W WKH 0�VWHS� WKH PD[LPXP

OLNHOLKRRG HVWLPDWH RI WKH SDUDPHWHUV LV FRPSXWHG EDVHG RQ WKH FRPSOHWH�GDWD� 7KH HQWLUH

SURFHGXUH LV LWHUDWHG D VXI¿FLHQW QXPEHU RI WLPHV� 7KLV SURFHGXUH UHODWHV WR WKH 0RQWH &DUOR

(0 �0&(0� DOJRULWKP� LQWURGXFHG E\ :HL DQG 7DQQHU ������� ZKHUH WKH (�VWHS LV H[HFXWHG

E\ D 0RQWH &DUOR SURFHVV�

8QGHU VSHFL¿F FRQGLWLRQV� WKH DUUD\ RI HVWLPDWHV FRUUHVSRQGLQJ WR HDFK GUDZ RI

SVHXGR�FRPSOHWH GDWD IRUPV D 0DUNRY FKDLQ WKDW FRQYHUJHV WR D VWDWLRQDU\ GLVWULEXWLRQ �,S�

������ 7KH PHDQ RI WKLV VWDWLRQDU\ GLVWULEXWLRQ LV FORVH WR WKH PD[LPXP OLNHOLKRRG HVWLPDWH

DQG LWV YDULDQFH UHÀHFWV WKH LQIRUPDWLRQ ORVV GXH WR PLVVLQJ GDWD �'LHEROW 	 ,S� ������

0D[LPXP /LNHOLKRRG (VWLPDWLRQ

/HW v EH WKH REVHUYHG UDQGRP VDPSOH� 7KH YDOXHV RI WKH /HYHO � DQG /HYHO �
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H[SODQDWRU\ YDULDEOHV DUH NQRZQ� 7KH\ DUH GHQRWHG DV j DQG `c UHVSHFWLYHO\� 7KH PRGHO

KDV SDUDPHWHUV �c �c /HYHO � UHJUHVVLRQ FRHI¿FLHQWV �c /HYHO � UHJUHVVLRQ FRHI¿FLHQWV � DQG

YDULDQFH FRPSRQHQWV j2 DQG A� 7KH REVHUYHG RU LQFRPSOHWH�GDWD OLNHOLKRRG RI WKH SDUDPHWHUV

RI LQWHUHVW LV JLYHQ E\
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ZKHUH R E)�� m w��c �� LV WKH ,57 PRGHO� IRUPXOD E�� c VSHFLI\LQJ WKH SUREDELOLW\ RI WKH REVHUYLQJ

UHVSRQVH SDWWHUQ )�� DV D IXQFWLRQ RI WKH DELOLW\ SDUDPHWHU w�� DQG WKH LWHP SDUDPHWHUV ��
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LV WKH GHQVLW\ RI w�� DQG �

�
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�
LV WKH GHQVLW\ RI ��� 7KH

PDUJLQDO OLNHOLKRRG HQWDLOV D PXOWLSOH LQWHJUDO RYHU w�� DQG q��&RPSXWDWLRQ RI WZR�GLPHQVLRQDO

LQWHJUDOV VXI¿FHV� 7KH SDUDPHWHUV FDQ EH HVWLPDWHG ZLWK DQ (0 DOJRULWKP LQ FDVH DOO

GLVFULPLQDWLRQ SDUDPHWHUV DUH HTXDO� WKDW LV� LQ FDVH WKH PHDVXUHPHQW HUURU PRGHO LV WKH

5DVFK PRGHO �5DXGHQEXVK 	 6DPSVRQ� ������ 7KH SUREDELOLW\ PRGHO LV WKHQ D PHPEHU

RI WKH UHJXODU H[SRQHQWLDO IDPLO\ RI GLVWULEXWLRQV� 7KH OHVVHU UHVWULFWLYH ,57 PRGHO� ZKHUH

WKH GLVFULPLQDWLRQ SDUDPHWHUV PD\ GLIIHU SHU LWHP� LV ZLGHO\ DSSOLFDEOH EXW HVWLPDWLQJ WKH

SDUDPHWHUV EHFRPHV PRUH GLI¿FXOW� 7KLV SUREOHP RI LQWHJUDWLRQ DQG PD[LPL]DWLRQ UHODWHV

WR WKH HVWLPDWLRQ RI D UDQGRP�HIIHFWV PRGHO IRU RUGLQDO GDWD DQG WR WKH IXOO LQIRUPDWLRQ

IDFWRU DQDO\VLV PRGHO �$QGHUVRQ� ����� *LEERQV 	 %RFN� ����� *LEERQV 	 +HGHNHU� �����

+HGHNHU 	 *LEERQV� ������ +HGHNHU DQG *LEERQV ������ XWLOL]HG *DXVV�+HUPLWH TXDGUDWXUH

WR QXPHULFDOO\ LQWHJUDWH RYHU WKH GLVWULEXWLRQ RI UDQGRP HIIHFWV� )LVKHU¶V PHWKRG ZDV XVHG WR

SURYLGH WKH VROXWLRQ WR WKH OLNHOLKRRG HTXDWLRQ� 7KH QXPHULFDO LQWHJUDWLRQ LV IHDVLEOH LQ WKHVH

WZR�GLPHQVLRQDO SUREOHPV� +RZHYHU� LI WKH QXPEHU RI GLPHQVLRQV LV LQFUHDVHG� XVLQJ *DXVV�

+HUPLWH TXDGUDWXUH LV QR ORQJHU IHDVLEOH�

$Q DOWHUQDWLYH DSSURDFK LV WKH VWRFKDVWLF (0 DOJRULWKP ZKLFK FDQ KDQGOH WKHVH

SUREOHPV DQG DOVR IXUWKHU GHYHORSPHQW RI WKH PXOWLOHYHO PRGHO WR WKUHH RU PRUH OHYHOV DQG PRUH

FRPSOH[ ,57 PRGHOV� LQFOXGLQJ D JXHVVLQJ SDUDPHWHU� 7KH OLNHOLKRRG VKRXOG EH GH¿QHG DV D

IXQFWLRQ RI WKH FRPSOHWH�GDWD LQ VXFK D ZD\ WKDW D VLPSOHU OLNHOLKRRG PD[LPL]DWLRQ FRXOG EH

SHUIRUPHG LI WKH FRPSOHWH�GDWD ZHUH REVHUYHG� 7KHUHIRUH� DVVXPH WKDW WKHUH H[LVWV D FRQWLQXRXV

ODWHQW YDULDEOH WKDW XQGHUOLHV HDFK ELQDU\ UHVSRQVH� 7KH ODWHQW YDULDEOHV w�� DUH UHODWHG WR WKH

REVHUYHG UHVSRQVHV� t��&c RI D SHUVRQ� LQGH[HG ��� RQ DQ LWHP� LQGH[HG &� 7KLV REVHUYDWLRQ t��&

FDQ EH LQWHUSUHWHG DV DQ LQGLFDWRU WKDW D FRQWLQXRXV YDULDEOH ZLWK QRUPDO GHQVLW\ LV DERYH RU
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EHORZ ]HUR� 7KLV YDULDEOH LV GHQRWHG DV ~��&c ZLWK UHDOL]DWLRQ 5��&c LW IROORZV WKDW

~��& ' @&w�� � K& n 0��&c ���

ZLWK 0��& q � Efc �� DQG t��& ' U E~��& : f� � +HUH� U E�� LV DQ LQGLFDWRU YDULDEOH WDNLQJ WKH

YDOXH RQH LI LWV DUJXPHQW LV WUXH DQG ]HUR RWKHUZLVH� 7KH ODWHQW YDULDEOH VWUXFWXUH \LHOGV D

PRGHO WKDW LV HTXLYDOHQW WR WKH QRUPDO RJLYH PRGHO� 7KLV DSSURDFK IROORZV WKH SURFHGXUH RI

$OEHUW ������ DQG -RKQVRQ DQG $OEHUW ������� 7KH FRPSOHWH�GDWD OLNHOLKRRG LV JLYHQ E\

,S
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ZKHUH R E3�� m w��c �� UHSUHVHQW WKH ,57 PRGHO ZKLFK LV QRUPDOO\ GLVWULEXWHG DFFRUGLQJ WR

IRUPXOD ED�� 7KH PD[LPL]DWLRQ RI ES� EHFRPHV HDV\� ZKLFK ZLOO EH VKRZQ EHORZ� GXH WR WKH IDFW

WKDW WKH FRPSOHWH�GDWD OLNHOLKRRG FRQVLVWV RI D SURGXFW RI QRUPDO GHQVLWLHV� ,Q WKH H[SRQHQWLDO

IDPLO\ FDVH WKH VWRFKDVWLF (0 HVWLPDWHV FRQYHUJH WR WKH PD[LPXP OLNHOLKRRG HVWLPDWHV E\

� E�*?� �'LHEROW 	 ,S� ������ ,W PXVW EH SRLQWHG RXW WKDW WKH 6(0 DOJRULWKP SURYLGHV

RQO\ FRQYHUJHQFH LQ GLVWULEXWLRQ DQG GRHV QRW HQWDLO D SRLQWZLVH HVWLPDWRU� OLNH (0� 7KLV FDQ

EH REWDLQHG E\ DYHUDJLQJ D VXI¿FLHQW QXPEHU RI VXFFHVVLYH LWHUDWLRQV GXULQJ WKH HVWLPDWLRQ

SURFHGXUH� 7KH YDOXHV JHQHUDWHG E\ VWRFKDVWLF (0 DW WKH 0�VWHS� FRUUHVSRQGLQJ WR HDFK GUDZ RI

WKH FRPSOHWH�GDWD� IRUP D 0DUNRY FKDLQ ZLWK D VWDWLRQDU\ GLVWULEXWLRQ ZKLFK LV DSSUR[LPDWHO\

FHQWHUHG DW WKH PD[LPXP OLNHOLKRRG HVWLPDWHV� 7KH VHTXHQFH RI SRLQWV UHSUHVHQWV D VHW RI JRRG

JXHVVHV� FDOOHG WKH SODXVLEOH UHJLRQ� ZLWK UHVSHFW WR YDULRXV SODXVLEOH YDOXHV RI WKH PLVVLQJ GDWD�

8VXDOO\� WKH PHDQ RI WKLV VWDWLRQDU\ GLVWULEXWLRQ LV FRQVLGHUHG DV DQ HVWLPDWH IRU WKH SDUDPHWHUV�

%XW LQ WKH SODXVLEOH UHJLRQ� WKH SRLQW ZLWK WKH ODUJHVW REVHUYHG ORJ�OLNHOLKRRG FRXOG DOVR EH

FRQVLGHUHG DV DQ HVWLPDWH IRU WKH SDUDPHWHUV� WKLV UHTXLUHV WKH H[WUD HIIRUW RI HYDOXDWLQJ WKH

REVHUYHG ORJ�OLNHOLKRRG LQ HYHU\ LWHUDWLRQ �'LHEROW 	 ,S� ������

,PSOHPHQWDWLRQ RI WKH 6(0 $OJRULWKP

7KH PXOWLOHYHO ,57 PRGHO FDQ EH VHW XS DV D PLVVLQJ GDWD SUREOHP E\ GH¿QLQJ � DQG �

DV XQREVHUYHG YDULDEOHV� 7KH PDLQ LQWHUHVW LV HVWLPDWLQJ WKH LWHP SDUDPHWHUV� �� WKH UHJUHVVLRQ

FRHI¿FLHQWV RQ /HYHO �� �� DQG WKH YDULDQFH RQ /HYHO � DQG /HYHO �� j2 DQGAc UHVSHFWLYHO\� 7KH

6(0 SURFHGXUH� IRU FXUUHQW YDOXHV RI WKH SDUDPHWHUV �c �c j2 DQG Ac FRPSOHWHV WKH REVHUYHG

GDWD E\ GUDZLQJ SVHXGR�FRPSOHWH GDWD� DQG WKHQ FRPSXWHV WKH PD[LPXP OLNHOLKRRG HVWLPDWHV
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RI WKH SDUDPHWHUV EDVHG RQ WKH FRPSOHWHG GDWD� 7KH ¿UVW VWHS LQ LPSOHPHQWLQJ 6(0 LV FUHDWLQJ

SVHXGR�FRPSOHWH GDWD� +HQFH� VDPSOHV IURP WKH MRLQW GLVWULEXWLRQ RI �c� m vc j2c�cA DUH

UHTXLUHG� 'LUHFWO\ GUDZLQJ D VDPSOH IURP WKLV MRLQW FRQGLWLRQDO GLVWULEXWLRQ LV GLI¿FXOW� ,W

WXUQV RXW WR EH HDVLHU WR XVH WKH *LEEV VDPSOHU �H�J�� VHH� *HOIDQG 	 6PLWK� ����� *HPDQ 	

*HPDQ� ����� WR VLPXODWH LQGHSHQGHQW GUDZV IURP WKH MRLQW FRQGLWLRQDO GLVWULEXWLRQ RI � DQG

�� 7KHUHIRUH� D FRQWLQXRXV ODWHQW YDULDEOH VWUXFWXUH LV LQWURGXFHG WKDW XQGHUOLHV HDFK ELQDU\

UHVSRQVH� IRUPXOD ED�� $ VDPSOH IURP ~c�c� m vc �c j2c�cA LV REWDLQHG E\ GUDZLQJ IURP

WKH GLVWULEXWLRQV R E3 m )c�c �� c R E� m 3c �c�c j2� DQG R E� m �c j2c�cA�� 7KH SURSRVHG *LEEV

VDPSOHU FRQVLVWV RI WKUHH VWHSV�

)LUVW� FRQVLGHU WKH GLVWULEXWLRQ RI R E3 m )c�c �� � 7KLV FRQGLWLRQDO GLVWULEXWLRQ RI WKH

ODWHQW YDULDEOHV ~ JLYHQ �c �cv IROORZV IURP IRUPXOD ED� �

6HFRQG� WKH DELOLW\ SDUDPHWHU �c JLYHQ SVHXGR�FRPSOHWH GDWD ~� DQG HVWLPDWHV RI

E�c�c j2� DUH LQGHSHQGHQW DQG GLVWULEXWHG DV D PL[WXUH RI QRUPDO GLVWULEXWLRQV� )URP E�� DQG

ED� LW IROORZV WKDW�
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� ,QVSHFWLRQ VKRZV WKDW E.� LV D QRUPDO PRGHO IRU WKH UHJUHVVLRQ RI

~��nM RQ @ ZLWK w�� DV D UHJUHVVLRQ FRHI¿FLHQW� ZKHUH w��c KDV D QRUPDO SULRU SDUDPHWHUL]HG E\

�� DQG j
2� ,W IROORZV GLUHFWO\ IURP VWDQGDUG %D\HVLDQ UHVXOWV IRU QRUPDOO\ GLVWULEXWHG YDULDEOHV

DQG D QRUPDO SULRU �H�J�� VHH� %R[ 	 7LDR� ����� /LQGOH\ 	 6PLWK� ����� WKDW

w�� m ~��c �c��c j
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1RWLFH WKDW WKH SRVWHULRU PHDQ LV D FRPSRVLWH HVWLPDWRU� DV WKH VDPSOLQJ YDULDQFH � RI ew��
LQFUHDVHV� WKH UHODWLYH ZHLJKW SODFHG RQ WKH SULRU PHDQ�j����� LQFUHDVHV�

7KLUG� WKH IXOO\ FRQGLWLRQDO GLVWULEXWLRQ RI �� HQWDLOV D QRUPDO SULRU LQGXFHG E\ WKH
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/HYHO � PRGHO DQG QRUPDOO\ GLVWULEXWHG REVHUYDWLRQV w��c WKDW LV�
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���� $IWHU VRPH FDOFXODWLRQV LW IROORZV WKDW
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ZKHUH _� ' j|
��� n j2A3�`�� DQG #3�

� ' j|
�j� n j2A3� �/LQGOH\ 	 6PLWK� ������ 7KH

IXOO\ FRQGLWLRQDO GLVWULEXWLRQ RI �� GRHV QRW QHHG WKH LQYHUVH RIj
|
�j�c DQG WKLV WHUP LV DOVR QRW

XVHG HOVHZKHUH� WKHUHIRUH� PDWUL[j� GRHV QRW QHHG WR EH RI IXOO UDQN�

$W HDFK VWHS� WKH IXOO\ FRQGLWLRQDO GLVWULEXWLRQV RI ~ DQG � DUH FRQVLGHUHG DW WKH OHYHO

RI SHUVRQV� VDPSOHV DUH GUDZQ IRU � ' �c � � � c ?�c � ' �c � � � c a� 7KH UHJUHVVLRQ FRHI¿FLHQWV RQ

/HYHO � DUH VDPSOHG IRU HDFK JURXS �� (YHQWXDOO\� D LQGHSHQGHQW VDPSOH E~c�c�� LV REWDLQHG

DIWHU VXI¿FLHQW GUDZV IURP WKH VHTXHQWLDOO\ XSGDWHG IXOO\ FRQGLWLRQDO GLVWULEXWLRQV�

,Q FDVH RI QRUPDO FRPSRQHQWV� D PRUH HI¿FLHQW DOWHUQDWLYH RI XSGDWLQJ LV D EORFN

*LEEV XSGDWH �*HOPDQ� &DUOLQ� 6WHUQ� 	 5XELQ� ����� +REHUW 	 *H\HU� ����� 5REHUWV 	 6DKX�

������ ,Q WKDW FDVH� DOO RI WKH QRUPDO FRPSRQHQWV DUH XSGDWHG VLPXOWDQHRXVO\� 7R XVH WKLV

EORFN *LEEV VDPSOHU� WKH GHQVLW\ RI �c� m ~c �c j2c�cA LV QHHGHG� 7UHDW WKH UHJUHVVLRQ

RQ WKH UHJUHVVLRQ SDUDPHWHUV� �� RQ /HYHO � DV a E'n �� SULRU µGDWD SRLQWV¶� 7KH MRLQW

IXOO\ FRQGLWLRQDO GLVWULEXWLRQ RI ��c�� FDQ EH GHGXFHG IURP WKH ZHLJKWHG OLQHDU UHJUHVVLRQ

RI µREVHUYDWLRQV¶ ~W
� RQ

�
��c��

�
c XVLQJ µH[SODQDWRU\ YDULDEOHV¶ jW
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7KH SURSRVHG *LEEV VDPSOHU VDPSOHV VXFFHVVLYHO\ IURP ED� DQG E�f� XQWLO DQ

LQGHSHQGHQW VDPSOH E~c�c�� KDV EHHQ REWDLQHG� 7KDW LV� XQWLO FRQYHUJHQFH RI WKH *LEEV

VDPSOHU KDV RFFXUUHG� 7KLV FRPSOHWHV WKH VWRFKDVWLF 6�VWHS RI WKH 6(0 DOJRULWKP� 7KH DWWDLQHG

SVHXGR�FRPSOHWH GDWD E~c�c�� LV WKHQ XVHG WR HVWLPDWH E�c j2c�cA�� 7KHUHIRUH� WKH 0�VWHS

HQWDLOV FRPSXWLQJ WKH HVWLPDWHV RI E�c j2c�cA� �

%HFDXVH WKH LWHP�SDUDPHWHUV GHSHQG RQO\ RQ WKH ODWHQW GDWD ~ DQG WKH DELOLW\

SDUDPHWHUV� �c DFFRUGLQJ WR ED�� LW IROORZV WKDW

~& '
�
� ��

�
�& n %&c

ZKHUH ~& ' E~��&c � � � c ~?��&c � � � c ~?aa&�
|
DQG %& ' E0��&c � � � c 0?aa&�

|
LV D UDQGRP VDPSOH

IURP � Efc ��� 7KHUHIRUH�

h�& ' �
O|O

�3�
O|~&c ����

ZLWKO '
�
� ��

�
� 7KH h� VWDQGV IRU DQ HVWLPDWH RI WKH LWHP SDUDPHWHUV EDVHG RQ WKH SVHXGR�

FRPSOHWH GDWD E~c�c�� � 7KH HVWLPDWH H[FOXVLYHO\ EDVHG RQ WKH REVHUYHG GDWD ZLOO EH PDUNHG

ZLWK D KDW� 7KH VDPH QRWDWLRQ ZLOO EH XVHG IRU WKH RWKHU SDUDPHWHUV�

7KH HVWLPDWRU RI WKH YDULDQFH RQ /HYHO �� j2c IROORZV GLUHFWO\ IURP WKH UHJUHVVLRQ RI �

RQ jc ZLWK � DV UHJUHVVLRQ FRHI¿FLHQWV� 7KXV�
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ZKLFK LV WKH PD[LPXP OLNHOLKRRG HVWLPDWRU RI j2 JLYHQ � DQG ��

7KH /HYHO � PRGHO IRU VFKRRO � FDQ EH ZULWWHQ DV
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ZLWK . E��� ' f� .
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���
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�
' A� %HFDXVH E��� LV D QRUPDO OLQHDU PRGHO JLYHQ UHJUHVVLRQ
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FRHI¿FLHQWV �� LW IROORZV WKDW WKH JHQHUDOL]HG OHDVW VTXDUHV HVWLPDWRU RI � LV
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7KH HVWLPDWRUV LQ E�e� DQG E�D� DUH GHSHQGLQJ RQ HDFK RWKHU� EXW HYHU\ /HYHO � XQLW KDV WKH

VDPH QXPEHU RI UDQGRP UHJUHVVLRQ FRHI¿FLHQWV� 7KHUHIRUH� WKH ¿[HG HIIHFWV DQG YDULDQFH

FRPSRQHQWV FDQ EH HVWLPDWHG H[SOLFLWO\ IUHH IURP HDFK RWKHU �6HDUOH� ������

,Q FRQFOXVLRQ� WKH DOJRULWKP WR HVWLPDWH DOO SDUDPHWHUV LQYROYHV LWHUDWLQJ WZR VWHSV� $W

WKH 6�VWHS� WKH PLVVLQJ GDWD DUH VDPSOHG� JLYHQ WKH REVHUYHG GDWD DQG D FXUUHQW HVWLPDWH RI WKH

SDUDPHWHUV� +HUH WKH 6�VWHS LV PDGH XS RI IRUPXOD ED� DQG E�f�� :LWK XVH RI WKH *LEEV VDPSOHU

D SVHXGR�FRPSOHWH VDPSOH LV GUDZQ� $W WKH 0�VWHS� WKH PLVVLQJ GDWD DUH LPSXWHG WR HVWLPDWH

DOO SDUDPHWHUV� VHH IRUPXOD E��� c E�2� c E�e� DQG E�D��

(YHQWXDOO\� SODXVLEOH YDOXHV RU HVWLPDWHV IURP WKH 0�VWHS� EDVHG RQ WKH DXJPHQWHG

GDWD IURP WKH 6�VWHS� DUH XVHG LQ WKH HVWLPDWLRQ RI WKH SDUDPHWHUV RI LQWHUHVW� 7KHUHIRUH� GH¿QH

WKH SDUDPHWHUV RI LQWHUHVW � ' E�c j2c�cA� � 7KH DUUD\ RI SRLQWV JHQHUDWHG E\ 6(0 DUH D

0DUNRY FKDLQ� GHQRWHG E\
qh�E6�

c hj2E6�c h�E6�c hAE6�c6 5 Q

r
'

qh�E6�
c6 5 Q

r
c ZKHUH 6

GHQRWHV WKH LWHUDWLRQ QXPEHU� 8QGHU VRPH FRQGLWLRQV� WKH VHTXHQFH
qh�E6�

r
LV DSSUR[LPDWHO\

VWDWLRQDU\� 7KDW LV� WKH VWDWLRQDU\ GLVWULEXWLRQ RI
qh�E6�

r
GRHV QRW FKDQJH DV 6 WDNHV RQ

GLIIHUHQW YDOXHV� $V QRWHG DERYH� XVXDOO\� WKH PHDQ RI WKH VWDWLRQDU\ GLVWULEXWLRQ LV FRQVLGHUHG

DV DQ HVWLPDWH RI �� 7KDW LV� DIWHU D EXUQ�LQ SHULRG RI�f LWHUDWLRQV�

e� '
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(DFK VWHS RI WKH 6(0 DOJRULWKP LQFRUSRUDWHV D VWRFKDVWLF VWHS� ZKLFK SUHYHQWV WKH VHTXHQFH

IURP EHLQJ LPPRELOL]HG QHDU D VDGGOH SRLQW� 7KHUHIRUH� 6(0 GRHV QRW WHUPLQDWH LQ DQ\

VWDWLRQDU\ SRLQW�

$V QRWHG DERYH� DQRWKHU HVWLPDWRU IRU WKH SDUDPHWHUV FDQ DOVR EH GHULYHG IURP WKH

YDOXHV LQ WKH SODXVLEOH UHJLRQ� JHQHUDWHG DW HDFK 0�VWHS� 7KLV HVWLPDWRU FRPSXWHG IURP WKH
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VWRFKDVWLF (0 LWHUDWHV LV WKH SRLQW ZLWK WKH ODUJHVW REVHUYHG ORJ�OLNHOLKRRG� IRUPXODEe��

�W ' @h} 4@ 
�$6$�

, E� m )� � ����

2EWDLQLQJ WKLV SRLQW UHTXLUHV WKH FDOFXODWLRQ RI WKH LQFRPSOHWH ORJ�OLNHOLKRRG LQ HYHU\ LWHUDWLRQ

RI WKH VWRFKDVWLF (0 DOJRULWKP� *DXVV�+HUPLWH TXDGUDWXUH FDQ EH XVHG WR FDUU\ RXW WKH

LQWHJUDWLRQ RYHU WKH SDUDPHWHUV E�c�� � ,W LV DOVR SRVVLEOH WR FRPSXWH WKH LQFRPSOHWH OLNHOLKRRG

YLD WKH H[SHFWHG FRPSOHWH OLNHOLKRRG� WKDW LV�

, E� m )� ' . d,S E� m )c~W�o '

]
|

,S E� m )c 3W� & E3W m )c�� _3Wc ����

ZKHUH ~W UHSUHVHQW WKH DXJPHQWHG GDWD E~c�c�� DQG & E3W m )c�� LV WKH GHQVLW\ RI WKH PLVVLQJ

GDWD FRQGLWLRQDO RQ WKH REVHUYHG GDWD� ,Q WKLV FDVH� FRPSXWLQJ �W YLD E�H� LQYROYHV D KLJKHU

GLPHQVLRQDO LQWHJUDWLRQ DQG LV FRQVHTXHQWO\ FRPSXWDWLRQDOO\ PRUH GHPDQGLQJ� $ URXJK

PHWKRG DV 0RQWH &DUOR LQWHJUDWLRQ RI E�H� LV UDWKHU GLI¿FXOW EHFDXVH LW QHHGV LQGHSHQGHQW

VDPSOHV RI WKH DXJPHQWHG GDWD ~W DW HYHU\ LWHUDWLRQ� 7KH SRLQW LQ WKH SODXVLEOH UHJLRQ ZKLFK

PD[LPL]HV WKH REVHUYHG OLNHOLKRRG LV DQ DSSUR[LPDWLRQ RI WKH DFWXDO PD[LPXP OLNHOLKRRG

HVWLPDWRU UHODWHG WR WKH REVHUYHG OLNHOLKRRG� IRUPXOD Ee� � )RU D VXI¿FLHQW QXPEHU RI VWRFKDVWLF

(0 LWHUDWLRQV� WKDW LV� IRU D VXI¿FLHQW QXPEHU RI SRLQWV LQ WKH SODXVLEOH UHJLRQ �W JHWV FORVH

WR WKH PD[LPXP OLNHOLKRRG HVWLPDWRU� 7KHVH SRLQWV FDQ DOVR EH XVHG WR FKHFN ZKHWKHU WKH

VWRFKDVWLF (0 HVWLPDWRU� e�c DSSUR[LPDWHV WKH PD[LPXP OLNHOLKRRG HVWLPDWRU RI IRUPXOD Ee� �

7KH YDULDQFHV RI WKH HVWLPDWRUV DUH HVWLPDWHG E\ WKH LQYHUVH RI WKH REVHUYHG

LQIRUPDWLRQ PDWUL[ HYDOXDWHG DW � ' e�c IRUPXOD E�S� c RU DW WKH SRLQW ZLWK WKH ODUJHVW REVHUYHG

OLNHOLKRRG � ' �Wc IRUPXOD E�.�� 7KH REVHUYHG LQIRUPDWLRQ PDWUL[ LV HDVLO\ FRPSXWHG XVLQJ

/RXLV LGHQWLW\ ZKLFK UHODWHV WKH REVHUYHG�GDWD OLNHOLKRRG DQG WKH FRPSOHWH�GDWD OLNHOLKRRG

�/RXLV� ������ WKDW LV
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ZKHUH WKH H[SHFWDWLRQ LV WDNHQ ZLWK UHVSHFW WR & E3W m )c�� � 7KH ¿UVW WHUP RQ WKH ULJKW�KDQG

VLGH UHSUHVHQWV WKH FRQGLWLRQDO H[SHFWHG FRPSOHWH�GDWD LQIRUPDWLRQ PDWUL[ DQG WKH VHFRQG WHUP

UHSUHVHQWV WKH H[SHFWHG LQIRUPDWLRQ PDWUL[ IRU WKH FRQGLWLRQDO GLVWULEXWLRQ RI WKH XQREVHUYDEOH

GDWD 3W JLYHQ WKH REVHUYHG GDWD )� %RWK WHUPV FDQ EH FRPSXWHG ZLWK DXJPHQWHG GDWD VDPSOHV

JHQHUDWHG LQGHSHQGHQWO\ IURP & E3W m )c�� ZKHUH � LV ¿[HG DW e� RU �W�
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6(0 LQ &RPSDULVRQ ZLWK WKH *LEEV 6DPSOLQJ $SSURDFK

,W VHHPV ZRUWKZKLOH WR FRPSDUH WKLV LPSOHPHQWDWLRQ RI 6(0 ZLWK D IXOO\ FRQGLWLRQDO

GHFRPSRVLWLRQ RI WKH *HOIDQG DQG 6PLWK¶V ������ *LEEV VDPSOLQJ� GHVFULEHG LQ )R[ DQG *ODV

������� 'H¿QH WKH DXJPHQWHG GDWD ~W ' E~c�c�� DQG WKH SDUDPHWHUV RI LQWHUHVW DV �� 7KLV

*LEEV VDPSOHU JHQHUDWHV VDPSOHV IURP WKH IROORZLQJ SRVWHULRU GLVWULEXWLRQ�

R E� m )� '

] ]
R E� m 3Wc)� R E3W m ��c)� _3WR E�� m )� _��� ����

,Q IDFW� WKH GHVFULEHG *LEEV VDPSOHU JHQHUDWHV VDPSOHV IURP WKH PDUJLQDO SRVWHULRU GLVWULEXWLRQV

RI SDUDPHWHUV �c j2c� DQG Ac LQFOXGLQJ SULRUV IRU WKH SDUDPHWHUV� 7KHUH DUH WZR QDWXUDO

HVWLPDWHV IRU � IROORZLQJ IURP IRUPXOD E2f� �VHH� /HKPDQQ 	 &DVHOOD� ����� SS� �����

e�e '
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+HUH� e�e LV FDOOHG WKH HPSLULFDO HVWLPDWRU �/LX� :RQJ� 	 .RQJ ������ 7KH HVWLPDWRU e�6

ZKLFK LV RIWHQ HDV\ WR FRPSXWH DVVXPLQJ WKDW WKH FRQGLWLRQDO GHQVLW\ R E� m 3Wc)� LV VLPSOH�

LV FDOOHG WKH PL[WXUH HVWLPDWRU� )LQDOO\� WKH IROORZLQJ GLIIHUHQFH FDQ EH QRWL¿HG EHWZHHQ WKHVH

HVWLPDWHV� 7KH 6(0 HVWLPDWH� IRUPXOD E�S� c DQG WKH PL[WXUH HVWLPDWH UHVXOWLQJ IURP WKH *LEEV

VDPSOHU FDOFXODWHV WKH PHDQV RI WKH H[SHFWDWLRQV RI WKH SDUDPHWHUV JLYHQ WKH SVHXGR�FRPSOHWH

GDWD� ZKHUHDV WKH HPSLULFDO HVWLPDWH UHVXOWLQJ IURP WKH *LEEV VDPSOHU FDOFXODWHV WKH PHDQV RI

WKH PDUJLQDO SRVWHULRU GLVWULEXWLRQV RI WKH SDUDPHWHUV� /LX HW DO� ������ VKRZHG� XQGHU PLOG

FRQGLWLRQV� WKDW WKH PL[WXUH HVWLPDWRU LV DOZD\V EHWWHU LQ WKLV VLWXDWLRQ� L�H�� LW KDV D VPDOOHU

YDULDQFH WKDQ WKH HPSLULFDO HVWLPDWRU� 7KDW LV� WKH PL[WXUH HVWLPDWRU KDV D VPDOOHU YDULDQFH

DWWULEXWDEOH WR WKH *LEEV VDPSOHU LQ HVWLPDWLQJ WKH SRVWHULRU PHDQ� 7KH SRVWHULRU YDULDQFHV DQG

FUHGLELOLW\ LQWHUYDOV DUH HVWLPDWHG IURP WKH VDPSOHG YDOXHV REWDLQHG IURP WKH *LEEV VDPSOHU�

%HFDXVH WKH SRVWHULRU GHQVLW\ RI � JLYHQ ~W DQG v FRQWDLQV D SULRU IRU �c IRUPXOD E2f� c LW

IROORZV WKDW WKH PL[WXUH HVWLPDWH� IRUPXOD E22� c GLIIHUV IURP WKH 6(0 HVWLPDWH� IRUPXOD E�S� �

0RUHRYHU� WKH GLIIHUHQFHV EHWZHHQ WKH VDPSOLQJ VFKHPHV ZLOO FDXVH GLIIHUHQW HVWLPDWHV�
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$ 'XWFK 3ULPDU\ 6FKRRO /DQJXDJH 7HVW

7R FRPSDUH WKH 6(0 DOJRULWKP ZLWK WKH 0&0& DOJRULWKP� D GDWDVHW IURP D 'XWFK

SULPDU\ VFKRRO ODQJXDJH WHVW ZDV DQDO\]HG� $ PXOWLOHYHO ,57 PRGHO ZDV HVWLPDWHG ZLWK WKH

6(0 DOJRULWKP DQG WKH *LEEV VDPSOHU� )XUWKHUPRUH� D FRPSDULVRQ ZDV PDGH EHWZHHQ WKH

PXOWLOHYHO ,57 PRGHO DQG DQ KLHUDUFKLFDO PRGHO ZLWK REVHUYHG VFRUHV RQO\�

7KLV UHVHDUFK SURMHFW HQWDLOHG LQYHVWLJDWLQJ ZKHWKHU VFKRROV WKDW SDUWLFLSDWH LQ WKH

FHQWUDO SULPDU\ VFKRRO OHDYLQJ WHVW LQ WKH 1HWKHUODQGV RQ D UHJXODU EDVLV SHUIRUP EHWWHU WKDQ

VFKRROV WKDW GR QRW SDUWLFLSDWH RQ D UHJXODU EDVLV� 7KH SXSLOV RI �� VFKRROV ZHUH JLYHQ D

ODQJXDJH WHVW IRU JUDGH � VWXGHQWV� ,Q WKLV DQDO\VLV� �� LWHPV GHVLJQHG E\ WKH 1HWKHUODQGV

1DWLRQDO ,QVWLWXWH IRU (GXFDWLRQDO 0HDVXUHPHQW �&LWR� ZHUH XVHG� 7KHVH LWHPV ZHUH WDNHQ

IURP D VWDQGDUGL]HG &LWR WHVW XVHG LQ PRVW 'XWFK VFKRROV DW JUDGH �� FDOOHG WKH SULPDU\ VFKRRO

OHDYLQJ WHVW� 7KH WRWDO QXPEHU RI SXSLOV IRU ZKLFK GDWD ZHUH DYDLODEOH ZDV ����� 6FKRROV

SDUWLFLSDWLQJ LQ WKH &LWR WHVW ��� VFKRROV� RQ D UHJXODU EDVLV DUH FDOOHG WKH &LWR VFKRROV� 7KH

UHPDLQLQJ �� VFKRROV ZLOO EH FDOOHG WKH QRQ�&LWR VFKRROV�

7ZR VWXGHQWV¶ FKDUDFWHULVWLFV ZHUH XVHG DV D SUHGLFWRU IRU WKH VWXGHQWV¶ DFKLHYHPHQW�

VRFLR�HFRQRPLF VWDWXV �6(6� DQG QRQ�YHUEDO LQWHOOLJHQFH PHDVXUHG XVLQJ WKH ,6, WHVW� 7KH

6(6 LV EDVHG RQ IRXU LQGLFDWRUV� WKH HGXFDWLRQ DQG RFFXSDWLRQ RI ERWK SDUHQWV� 1RQ�YHUEDO

LQWHOOLJHQFH ZDV PHDVXUHG LQ JUDGH � E\ XVLQJ WKUHH SDUWV RI DQ LQWHOOLJHQFH WHVW� 7KH SUHGLFWRUV

,6, DQG 6(6 ZHUH QRUPDOO\ VWDQGDUGL]HG� $ SUHGLFWRU ODEHOHG (QG HTXDOHG � LI WKH VFKRRO

SDUWLFLSDWHV LQ WKH VFKRRO OHDYLQJ WHVW� DQG HTXDOV � LI WKLV LV QRW WKH FDVH� $ FRPSOHWH GHVFULSWLRQ

RI WKH GDWD FDQ EH IRXQG LQ �'RRODDUG� ����� SS� ����

7KH VWUXFWXUDO PRGHO XVHG LQ WKH DQDO\VLV LV JLYHQ E\�

w�� ' qf� n q��,6,�� n q2�6(6�� n e��

qf� ' �ff n �f�(QG� n �f�

q�� ' ��f

q2� ' �2fc

ZKHUH e�� y � Efc j2� DQG �f� y � Efc � 2� � 7KH WZR�SDUDPHWHU QRUPDO RJLYH PRGHO ZDV XVHG

DV WKH PHDVXUHPHQW PRGHO�

7KH IROORZLQJ SURFHGXUH ZDV XVHG WR REWDLQ LQLWLDO HVWLPDWHV� ,QLWLDO YDOXHV RI WKH LWHP

SDUDPHWHUV ZHUH FRPSXWHG XVLQJ %LORJ�0* �=LPRZVNL� 0XUDNL� 0LVOHY\� 	 %RFN� ������

$ GLVWLQFW DELOLW\ GLVWULEXWLRQ ZDV XVHG IRU HYHU\ VXEJURXS �� 7KHQ WKH 0&0& SURFHGXUH
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E\ $OEHUW ������ IRU HVWLPDWLQJ WKH QRUPDO RJLYH PRGHO ZDV UXQ� $V WKH *LEEV VDPSOHU

KDG UHDFKHG FRQYHUJHQFH WKH PHDQV RI WKH VDPSOHG YDOXHV RI E~c�c �� ZHUH FRPSXWHG� $Q

(0 DOJRULWKP ZDV XVHG IRU HVWLPDWLQJ E�c j2c�cA� ZLWK WKH e� �VHH� IRU LQVWDQFH %U\N 	

5DXGHQEXVK� ������

7KH QXPEHU RI LWHUDWLRQV QHFHVVDU\ WR UHDFK FRQYHUJHQFH RI WKH 6(0 DOJRULWKP FDQQRW

EH HYDOXDWHG VLPSO\ LQ D JHQHUDO VHWWLQJ� )RU WKH 'XWFK SULPDU\ OHDYLQJ WHVW GHVFULEHG DERYH�

����� LWHUDWLRQV ZHUH µHQRXJK¶ LQ WKH VHQVH WKDW DIWHU D EXUQ�LQ SHULRG RI ����� LWHUDWLRQV D

VXEVWDQWLDO LQFUHDVH LQ WKH QXPEHU RI LWHUDWLRQV GLG QRW SHUWXUE WKH YDOXHV RI HUJRGLF DYHUDJHV�

$GGLWLRQDOO\� DW HYHU\ LWHUDWLRQ �� *LEEV VDPSOLQJ VWHSV ZHUH WDNHQ WR JHQHUDWH D VDPSOH RI WKH

SVHXGR�FRPSOHWH GDWD� 7KH GLIIHUHQFHV LQ WKH UHVXOWV ZHUH QHJOLJLEOH ZKHQ UDQJLQJ WKHVH *LEEV

VDPSOLQJ VWHSV EHWZHHQ �� WR ��� 7KH IXOO\ FRQGLWLRQDO GHFRPSRVLWLRQ RI *LEEV VDPSOLQJ DV

LQ )R[ 	 *ODV ������ ZDV UXQ IRU ������ LWHUDWLRQV� ZLWK D EXUQ�LQ SHULRG RI ����� LWHUDWLRQV�

'LIIXVH FRQMXJDWHG SURSHU SULRUV ZHUH XVHG IRU WKH YDULDQFH FRPSRQHQWV DW /HYHO � DQG /HYHO

� WR UHPDLQ YDJXH UHVXOWLQJ LQ SURSHU SRVWHULRUV� WKDW LV�
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ZKHUH WKH GHJUHHV RI IUHHGRP� D� DQG D2c ZHUH ERWK WZR� 7KH VXP RI VTXDUHV DW /HYHO �� 72
� c

DQG /HYHO �� 72
2 c ZHUH REWDLQHG IURP D PXOWLOHYHO DQDO\VLV XVLQJ REVHUYHG VFRUHV� GHVFULEHG

EHORZ� 7KH SULRU IRU WKH GLI¿FXOW\ DQG GLVFULPLQDWLRQ SDUDPHWHU LQVXUHG WKDW HDFK LWHP KDG

D SRVLWLYH GLVFULPLQDWLRQ LQGH[� DQG DVVXPHG LQGHSHQGHQFH EHWZHHQ WKH LWHP GLI¿FXOW\ DQG

GLVFULPLQDWLRQ SDUDPHWHU�

R E�� ' R E@� R EM� 2

g\
&'�

U E@& : f� U E@&c K& 5 �� c

ZKHUH � LV D VXI¿FLHQWO\ ODUJH ERXQGHG LQWHUYDO� KHUH � ' d��ffc �ffo�

)LUVW� WKH SDUDPHWHU HVWLPDWHV RI WKH PHDVXUHPHQWV PRGHO DUH FRQVLGHUHG� DIWHU WKDW�

WKH SDUDPHWHU HVWLPDWHV RI WKH VWUXFWXUDO PRGHO DQG IXUWKHU LPSOLFDWLRQV RI WKHVH HVWLPDWHV DUH

FRQVLGHUHG�

,Q 7DEOH � DQG 7DEOH �� WKH HVWLPDWHV RI WKH LWHP SDUDPHWHUV UHVXOWLQJ IURP WKH *LEEV

VDPSOHU ZLWK WKH PL[WXUH HVWLPDWRU DQG WKH 6(0 DOJRULWKP DUH JLYHQ� 7KH 6(0 DOJRULWKP

SURGXFHV WZR HVWLPDWRUV� WKH PHDQ RI WKH VWDWLRQDU\ GLVWULEXWLRQ� IRUPXOD E�S� c ODEHOHG XQGHU
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WKH FROXPQ PHDQ� DQG WKH SRLQW FRUUHVSRQGLQJ WR WKH ODUJHVW REVHUYHG OLNHOLKRRG� IRUPXOD E�.� c

ODEHOHG XQGHU WKH FROXPQ PD[� 7KH PXOWLOHYHO ,57 PRGHO ZDV LGHQWL¿HG E\ ¿[LQJ WZR LWHP�

SDUDPHWHUV� KHUH� @2e ' � DQG K2e ' f�

7KH FROXPQV ODEHOHG 6' SUHVHQW WKH VWDQGDUG GHYLDWLRQV RI WKH HVWLPDWHV UHVXOWLQJ

IURP WKH 6(0 DOJRULWKP XVLQJ /RXLV LGHQWLW\� IRUPXOD E�b�� ,Q WKLV DSSOLFDWLRQ� �ff VDPSOHV RI

E~c�c��ZHUH REWDLQHG WR FRPSXWH WKH REVHUYHG LQIRUPDWLRQ PDWUL[� 8QOLNH WKH 6(0 HVWLPDWHV

WKH HVWLPDWHV UHVXOWLQJ IURP WKH *LEEV VDPSOHU DUH FDOFXODWHG LQ D %D\HVLDQ IUDPHZRUN�

7KHUHIRUH� WKH SRVWHULRU VWDQGDUG GHYLDWLRQV RI WKH SDUDPHWHUV DUH GHQRWHG E\ 36'� )XUWKHU�

WKH SDUDPHWHU HVWLPDWHV UHVXOWLQJ IURP WKH *LEEV VDPSOHU DUH WKH SRVWHULRU PHDQV� ,W FDQ

EH VHHQ WKDW WKH 6(0 HVWLPDWHV RI WKH LWHP SDUDPHWHUV DUH FORVH WR WKH PL[WXUH HVWLPDWHV

UHVXOWLQJ IURP WKH *LEEV VDPSOHU� &RQ¿GHQFH LQWHUYDOV DUH XVHG WR FRPSDUH WKH XQFHUWDLQW\

DERXW WKH SDUDPHWHU HVWLPDWHV LQ UHODWLRQ WR WKH GLIIHUHQW HVWLPDWRUV� 7KH %D\HVLDQ DQDORJXH RI

D IUHTXHQWLVW FRQ¿GHQFH LQWHUYDO LV XVXDOO\ UHIHUUHG WR DV D FUHGLELOLW\ LQWHUYDO� ,Q WKH %D\HVLDQ

IUDPHZRUN� WKH FHQWUDO SRVWHULRU FUHGLELOLW\ LQWHUYDOV DUH FDOFXODWHG DV FRQ¿GHQFH UHJLRQV IRU WKH

SDUDPHWHUV� 7KH ��� FHQWUDO SRVWHULRU FUHGLELOLW\ LQWHUYDOV DUH JLYHQ XQGHU WKH FROXPQ ODEHOHG

&,� $OO 6(0 HVWLPDWHV DUH ZHOO ZLWKLQ WKH FRPSXWHG FHQWUDO SRVWHULRU FUHGLELOLW\ LQWHUYDOV�

1RWDEO\� WKH SRVWHULRU VWDQGDUG GHYLDWLRQV DUH� LQ DOPRVW DOO FDVHV� ODUJHU WKDQ WKH VWDQGDUG

GHYLDWLRQV UHODWHG WR WKH 6(0 HVWLPDWHV� 0RUH GHWDLOHG LQIRUPDWLRQ FRQFHUQLQJ WKLV SRLQW ZLOO

EH SURYLGHG ODWHU�

7DEOH � SUHVHQWV WKH UHVXOWV RI HVWLPDWLQJ WKH ¿[HG HIIHFWV DQG UDQGRP FRPSRQHQWV RI

WKH PRGHO FRPSXWHG ZLWK WKH *LEEV VDPSOHU DQG VWRFKDVWLF (0� 7KH XVH RI QRQ�LQIRUPDWLYH

SULRUV IRU WKH SDUDPHWHUV LQ WKH *LEEV VDPSOHU UHVXOWHG LQ FRPSDUDEOH HVWLPDWHV� 7KH PDLQ

UHVXOW RI WKH DQDO\VLV LV WKDW FRQGLWLRQDOO\ RQ 6(6 DQG ,6,� WKH &LWR VFKRROV SHUIRUP EHWWHU

WKDQ WKH QRQ�&LWR VFKRROV� 7KH ¿[HG HIIHFW� �f�c PRGHOV WKH FRQWULEXWLRQ RI SDUWLFLSDWLQJ LQ WKH

VFKRRO OHDYLQJ H[DP WR WKH DELOLW\ OHYHO RI WKH VWXGHQWV YLD LWV LQÀXHQFH RQ WKH LQWHUFHSW qf� � 7KLV

LQWHUFHSW qf� LV GH¿QHG DV WKH H[SHFWHG DFKLHYHPHQW RI D VWXGHQW LQ VFKRRO � ZKHQ FRQWUROOLQJ

IRU 6(6 DQG ,6,� 7KXV D SRVLWLYH YDOXH RI �f� LQGLFDWHV D SRVLWLYH HIIHFW RI SDUWLFLSDWLQJ LQ WKH

VFKRRO OHDYLQJ H[DP WR WKH VWXGHQWV¶ DELOLWLHV� )XUWKHU� WKHUH LV D KLJKO\ VLJQL¿FDQW DVVRFLDWLRQ

EHWZHHQ WKH /HYHO � SUHGLFWRUV ,6, DQG 6(6 DQG WKH DELOLW\ RI WKH VWXGHQWV� 2EYLRXVO\� VWXGHQWV

ZLWK KLJK ,6, DQG 6(6 VFRUHV SHUIRUP EHWWHU WKDQ VWXGHQWV ZLWK ORZHU VFRUHV� 7KH UHVLGXDO

YDULDQFH IRU WKH VFKRRO�OHYHO� �fc LV WKH YDULDQFH RI WKH DFKLHYHPHQW RI VWXGHQWV LQ VFKRRO

�c qf�c DURXQG WKH JUDQG PHDQ� �ffc ZKHQ FRQWUROOLQJ IRU 6(6 DQG ,6,� 2EYLRXVO\� WKH XVH RI

D PXOWLOHYHO PRGHO LV MXVWL¿HG� EHFDXVH D VXEVWDQWLDO SURSRUWLRQ RI WKH YDULDWLRQ LQ WKH RXWFRPH

DW WKH VWXGHQW OHYHO ZDV EHWZHHQ WKH VFKRROV�
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7KH ¿[HG DQG UDQGRP HIIHFWV DUH JHQHUDOO\ TXLWH WKH VDPH IRU WKH 6(0 DQG *LEEV

VDPSOLQJ HVWLPDWHV� H[FHSW IRU WKH /HYHO � YDULDQFH� � � 7KH VLJQL¿FDQW GLIIHUHQFH EHWZHHQ WKH

/HYHO � YDULDQFH�HVWLPDWHV UHVXOWV LQ GLIIHUHQW LQWUDFODVV FRUUHODWLRQ FRHI¿FLHQWV� 7KH SURSRUWLRQ

RI YDULDQFH LQ DELOLW\ DFFRXQWHG IRU E\ JURXS�PHPEHUVKLS� DIWHU FRQWUROOLQJ IRU WKH /HYHO �

SUHGLFWRU YDULDEOHV LV ��eD DFFRUGLQJ WR WKH 6(0 YDULDQFH�HVWLPDWHV DQG ���f DFFRUGLQJ WR WKH

6(0 YDULDQFH�HVWLPDWHV ZKLFK PD[LPL]HV WKH REVHUYHG OLNHOLKRRG� 7KLV FRHI¿FLHQW LV ��bH

LQ FDVH RI WKH YDULDQFH�HVWLPDWHV UHVXOWLQJ IURP WKH *LEEV VDPSOHU� $V DQ DGGLWLRQDO FKHFN

WKH ¿[HG HIIHFWV DQG YDULDQFH FRPSRQHQWV DUH DOVR HVWLPDWHG IURP WKH REVHUYHG VFRUHV XVLQJ

+/0 IRU ZLQGRZV �%U\N� 5DXGHQEXVK� 	 &RQJGRQ� ������ )RU FRPSDUDWLYH SXUSRVHV� WKH

XQZHLJKWHG VXPV RI WKH LWHP UHVSRQVHV ZHUH UHVFDOHG VXFK WKDW WKHLU PHDQ DQG YDULDQFH ZHUH

HTXDO WR WKH PHDQ DQG YDULDQFH RI WKH SRVWHULRU HVWLPDWHV RI WKH DELOLW\ SDUDPHWHUV� UHVSHFWLYHO\�

7KH VWDQGDUG GHYLDWLRQV RI WKH +/0 HVWLPDWHV DUH JLYHQ XQGHU WKH FROXPQ ODEHOHG 6'� 7KH

HVWLPDWH RI WKH /HYHO � YDULDQFH FRPSRQHQW LV VPDOOHU LQ WKH +/0 DQDO\VLV ZKHUHDV WKH HVWLPDWH

RI j LV DOPRVW VLPLODU LQ FRPSDULVRQ WR WKH RWKHU HVWLPDWHV� 7KH LQWUDFODVV FRUUHODWLRQ FRHI¿FLHQW

FRQVLVWLQJ RI WKHVH YDULDQFH FRPSRQHQWV LV ��f�� ZKLFK LV VPDOOHU WKDQ WKH HVWLPDWHV RI WKH

LQWUDFODVV FRUUHODWLRQ FRHI¿FLHQW IURP WKH 6(0 DSSURDFK� )XUWKHUPRUH� WKH HVWLPDWHV RI WKH

¿[HG HIIHFWV DUH VPDOOHU H[FHSW IRU WKH PDLQ HIIHFW� �ff� ,Q FRQFOXVLRQ� WKH PXOWLOHYHO ,57

DQDO\VLV� HVWLPDWHG ZLWK WKH *LEEV VDPSOHU DQG 6(0� PHDVXUHV D JUHDWHU YDULDQFH EHWZHHQ

VWXGHQWV¶ DELOLWLHV ZKLFK UHVXOWV LQ D ODUJHU VFKRRO�OHYHO HIIHFW� )XUWKHU� D VKDUSHU GLVWLQFWLRQ LQ

VWXGHQWV¶ DFKLHYHPHQWV LV DWWDLQHG�

7KH VWDQGDUG GHYLDWLRQV RI WKH 6(0 HVWLPDWHV DUH ODUJHU WKDQ WKH VWDQGDUG GHYLDWLRQV

RI WKH HVWLPDWHV UHVXOWLQJ IURP WKH DQDO\VLV LQ +/0 XVLQJ REVHUYHG VFRUHV� 2EYLRXVO\� WKH

HVWLPDWHV UHVXOWLQJ IURP +/0 DUH EDVHG RQ WKH REVHUYHG VFRUHV� ZKLFK UHVXOWV LQ PRUH DFFXUDWH

HVWLPDWHV� WKDW LV� WKH +/0 DQDO\VLV GRHV QRW WDNH WKH XQFHUWDLQW\ RI WKH DELOLW\ SDUDPHWHU

LQWR DFFRXQW� ,W FDQ EH VHHQ IURP 7DEOHV � WR � WKDW WKH VWDQGDUG GHYLDWLRQV UHODWHG WR WKH

VWRFKDVWLF (0 HVWLPDWHV DUH VPDOOHU� LQ PRVW FDVHV� WKDQ WKH SRVWHULRU VWDQGDUG GHYLDWLRQV� 7KLV

REVHUYDWLRQ ZDV DOVR PDGH LQ )R[ 	 *ODV ������ DQG *ODV� :DLQHU DQG %UDGORZ ������� ,W

VHHPV WKDW WKH VPDOOHU VL]H RI WKH VWDQGDUG GHYLDWLRQV LQ WKH IUHTXHQWLVW IUDPHZRUN LV UHODWHG

WR WKH IDFW WKDW WKH\ DUH EDVHG RQ DQ DV\PSWRWLF DSSUR[LPDWLRQ WKDW GRHV QRW WDNH WKH VNHZQHVV

LQWR DFFRXQW�

)LQDOO\� )LJXUH � VKRZV WKH SODXVLEOH UHJLRQ RI WKH YDULDQFH FRPSRQHQWV� 7KH UHJLRQ

FRQWDLQV WKH SDUDPHWHU HVWLPDWHV RI Ejc �� REWDLQHG DW HYHU\ LWHUDWLRQ RI WKH VWRFKDVWLF (0

DOJRULWKP� 7KH PRVW FHQWUDO SRLQW� WKDW LV WKH PHDQ RI Ejc ��� FRUUHVSRQGV WR WKH VWRFKDVWLF (0

HVWLPDWH RI Ejc �� c IRUPXOD E�S� � 7KH SRLQW ZLWK WKH ODUJHVW REVHUYHG ORJ�OLNHOLKRRG� IRUPXOD
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E�.� c OLHV LQ WKH FLUFOH FORVH WR WKH PHDQ� 7KH SRLQWV ZLWKLQ WKH FLUFOH UHSUHVHQW HVWLPDWHV

RI Ejc �� ZLWK KLJK REVHUYHG ORJ�OLNHOLKRRG YDOXHV� WKDW LV� WKH FRUUHVSRQGLQJ ORJ�OLNHOLKRRG

YDOXHV DUH FORVH WR HDFK RWKHU DQG WKHUHIRUH FORVH WR WKH KLJKHVW REVHUYHG ORJ�OLNHOLKRRG� 7KLV

LOOXVWUDWHV WKH JHQHUDO LGHD EHKLQG VWRFKDVWLF (0� 7KH SDUDPHWHUV RI LQWHUHVW DUH HVWLPDWHG E\

WDNLQJ WKH PHDQ RYHU DOO SRLQWV ZLWKLQ WKH SODXVLEOH UHJLRQ� ZKHUH DOO SRLQWV FRUUHVSRQG WR KLJK

REVHUYHG ORJ�OLNHOLKRRG YDOXHV� $V D UHVXOW� WKLV HVWLPDWH OLHV FORVH WR WKH PD[LPXP OLNHOLKRRG

HVWLPDWH� ZKLFK LV FKHFNHG E\ FRPSXWLQJ WKH REVHUYHG ORJ�OLNHOLKRRG DW HYHU\ LWHUDWLRQ�

'LVFXVVLRQ

,Q WKLV DUWLFOH� D VWRFKDVWLF (0 DOJRULWKP LV XVHG WR HVWLPDWH WKH SDUDPHWHUV RI D

PXOWLOHYHO ,57 PRGHO� $V PHQWLRQHG� WKH PXOWLOHYHO ,57 PRGHO KDV VHYHUDO DGYDQWDJHV� E\

WUHDWLQJ WKH GHSHQGHQW DELOLW\ SDUDPHWHUV DV ODWHQW YDULDEOHV LQ D PXOWLOHYHO PRGHO DQG XVLQJ DQ

,57 PRGHO WR PRGHO WKHVH YDULDEOHV� $OWKRXJK GLUHFW SDUDPHWULF LQIHUHQFH LV KDUG EHFDXVH WKH

OLNHOLKRRG IXQFWLRQ LV YHU\ FRPSOH[� PD[LPXP OLNHOLKRRG HVWLPDWHV FDQ EH REWDLQHG ZLWK WKH

VWRFKDVWLF (0 DOJRULWKP�

7KH XVH RI D 6(0 DOJRULWKP IRU HVWLPDWLQJ WKH SDUDPHWHUV RI D PXOWLOHYHO ,57 PRGHO

KDV VHYHUDO DSSHDOLQJ IHDWXUHV� )LUVW� WKH DOJRULWKP LV HDV\ WR LPSOHPHQW� 6HFRQG� DOWKRXJK WKH

DPRXQW RI FRPSXWDWLRQ LQYROYHG FDQ EH ODUJH� WKH 6(0 DOJRULWKP FDQ KDQGOH WKH QXPHULFDO

LQWHJUDWLRQV QHHGHG DOVR LQ FDVHV ZLWK PRUH WKDQ WZR OHYHOV� 0RUHRYHU� WKHUH DUH QR OLPLWDWLRQV

WR WKH QXPEHU RI SDUDPHWHUV RU WKH QXPEHU RI H[SODQDWRU\ YDULDEOHV� $V LOOXVWUDWHG� WKH 6(0

HVWLPDWHV DUH FORVH WR WKH PD[LPXP OLNHOLKRRG HVWLPDWHV� ,W PXVW EH UHPDUNHG WKDW 00/ RU

%D\HV PRGHO HVWLPDWLRQ SURFHGXUHV DUH SRVVLEOH EXW UHTXLUH WKH FDOFXODWLRQ RI WZR�GLPHQVLRQDO

LQWHJUDOV LQ WKH FDVH RI WZR OHYHOV� 7KH LPSOHPHQWDWLRQ RI WKH *LEEV VDPSOHU DOVR KDV QR

OLPLWDWLRQV WR WKH QXPEHU RI OHYHOV �)R[ 	 *ODV� ������ 0RUHRYHU� WKH SURFHGXUH FDQ DOVR EH

DSSOLHG WR RWKHU PHDVXUHPHQW HUURU PRGHOV ZLWK ODWHQW DELOLW\ SDUDPHWHUV�

7KH FRPSDULVRQ ZLWK WKH *LEEV VDPSOHU VKRZHG WKDW ERWK PHWKRGV HVWLPDWH WKH

SDUDPHWHUV E\ VDPSOLQJ WKH PLVVLQJ GDWD� 6(0 SHUIRUPV GLUHFW LQIHUHQFH EDVHG RQ WKH SVHXGR�

FRPSOHWH GDWD ZKHUHDV WKH *LEEV VDPSOHU VDPSOHV WKH HQWLUH SRVWHULRU GLVWULEXWLRQV RI WKH

SDUDPHWHUV� $FFRUGLQJO\� WKH *LEEV VDPSOHU LV PRUH WLPH�FRQVXPLQJ� WKDW LV� LW QHHGV PRUH

LWHUDWLRQV WR HVWLPDWH DOO SDUDPHWHUV RI LQWHUHVW� 7KH PHWKRGV JDYH VLPLODU UHVXOWV� ,W PXVW

EH SRLQWHG RXW WKDW WKH GLIIHUHQFHV EHWZHHQ WKH VWDQGDUG GHYLDWLRQV DQG WKH SRVWHULRU VWDQGDUG

GHYLDWLRQV QHHGV IXUWKHU UHVHDUFK�

7KH FRQYHUJHQFH RI WKLV LPSOHPHQWDWLRQ RI WKH DOJRULWKP LV KHOG XS E\ WKH *LEEV
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VDPSOLQJ SURFHGXUH IRU VDPSOLQJ WKH SVHXGR�FRPSOHWH GDWD� 7KH FRQYHUJHQFH LV VSHHGHG XS

E\ WKH EORFN *LEEV VDPSOHU� EXW D IXUWKHU LPSURYHPHQW FRXOG EH WKH XVH RI DQRWKHU VDPSOLQJV�

WHFKQLTXH WR VDPSOH DOO SVHXGR�FRPSOHWH GDWD DW RQFH� *HQHUDO WHFKQLTXHV IRU VLPXODWLQJ GUDZV

GLUHFWO\ IURP WKH WDUJHW GHQVLW\ DV UHMHFWLRQ VDPSOLQJ RU LPSRUWDQFH VDPSOLQJ �*HOPDQ HW DO��

����� FRXOG LPSURYH WKH UDWH RI FRQYHUJHQFH� )XUWKHUPRUH� WKH QXPEHU RI LWHUDWLRQV QHHGHG WR

JHW D VWDEOH HVWLPDWH FRXOG EH UHGXFHG�
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5HIHUHQFHV

$GDPV� 5� -�� :LOVRQ� 0�� 	 :X� 0� ������� 0XOWLOHYHO LWHP UHVSRQVH PRGHOV� $Q

DSSURDFK WR HUURUV LQ YDULDEOH UHJUHVVLRQ� -RXUQDO RI (GXFDWLRQDO DQG %HKDYLRUDO 6WDWLVWLFV� ���

������

$OEHUW� -� +� ������� %D\HVLDQ HVWLPDWLRQ RI QRUPDO RJLYH LWHP UHVSRQVH FXUYHV XVLQJ

*LEEV VDPSOLQJ� -RXUQDO RI (GXFDWLRQDO 6WDWLVWLFV� ��� ��������

$QGHUVRQ� (�%� ������� (VWLPDWLQJ ODWHQW FRUUHODWLRQV EHWZHHQ UHSHDWHG WHVWLQJV�

3V\FKRPHWULND� ��� �����

%pJXLQ� $� $� ������� 5REXVWQHVV RI HTXDWLQJ KLJK�VWDNHV WHVWV� 8QSXEOLVKHG GRFWRUDO

GLVVHUWDWLRQ� 8QLYHUVLW\ RI 7ZHQWH� 7KH 1HWKHUODQGV�

%LUQEDXP� $� ������� 6RPH ODWHQW WUDLW PRGHOV� ,Q )�0� /RUG� 	 0�5� 1RYLFN �(GV���

6WDWLVWLFDO WKHRULHV RI PHQWDO WHVW VFRUHV �SS� ��������� 5HDGLQJ� $GGLVRQ�:HVOH\�

%R[� *� (� 3�� 	 7LDR� *� &� ������� %D\HVLDQ LQIHUHQFH LQ VWDWLVWLFDO DQDO\VLV� 5HDGLQJ�

0$� $GGLVRQ�:HVOH\ 3XEOLVKLQJ &RPSDQ\�

%U\N� $� 6�� 	 5DXGHQEXVK� 6� :� ������� +LHUDUFKLFDO OLQHDU PRGHOV� 1HZEXU\ 3DUN�

&DOLIRUQLD� 6DJH 3XEOLFDWLRQV�

%U\N� $� 6�� 5DXGHQEXVK� 6� :�� 	 &RQJGRQ� 5� 7� ������� +/0 IRU :LQGRZV� &KLFDJR�

,/� 6FLHQWL¿F 6RIWZDUH ,QWHQDWLRQDO� ,QF�

&HOHX[� *�� &KDXYHDX� '�� 	 'LHEROW� -� ������� 6WRFKDVWLF YHUVLRQV RI WKH (0

DOJRULWKP� $Q H[SHULPHQWDO VWXG\ LQ WKH PL[WXUH FDVH� -RXUQDO RI 6WDWLVWLFDO &RPSXWDWLRQ DQG

6LPXODWLRQ� ��� ��������

&HOHX[� *�� 	 'LHEROW� -� ������� 7KH 6(0 DOJRULWKP� $ SUREDELOLVWLF WHDFKHU DOJRULWKP

GHULYHG IURP WKH (0 DOJRULWKP IRU WKH PL[WXUH SUREOHP� &RPSXWDWLRQDO 6WDWLVWLFV 4XDUWHUO\�

�� ������

'HPSVWHU� $� 3�� /DLUG� 1� 0�� 	 5XELQ� '� %� ������� 0D[LPXP OLNHOLKRRG IURP

LQFRPSOHWH GDWD YLD WKH (0 DOJRULWKP �ZLWK GLVFXVVLRQ�� -RXUQDO RI WKH 5R\DO 6WDWLVWLFDO

6RFLHW\� 6HULHV %� ��� �����

'LHEROW� -�� 	 ,S� (� +� 6� ������� 6WRFKDVWLF (0� PHWKRG DQG DSSOLFDWLRQ� ,Q :�5�

*LONV� 6� 5LFKDUGVRQ� 	 '�-� 6SLHJHOKDOWHU �(GV��� 0DUNRY &KDLQ 0RQWH &DUOR LQ SUDFWLFH �SS�

��������� /RQGRQ� &KDSPDQ 	 +DOO�

'RRODDUG� 6� ������� 6FKRROV LQ FKDQJH RU VFKRROV LQ FKDLQV� 8QSXEOLVKHG GRFWRUDO
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GLVVHUWDWLRQ� 8QLYHUVLW\ RI 7ZHQWH� 7KH 1HWKHUODQGV�

)R[� -��3�� 	 *ODV� &� $� :� ������� %D\HVLDQ HVWLPDWLRQ RI D PXOWLOHYHO ,57 PRGHO XVLQJ

*LEEV VDPSOLQJ� 3V\FKRPHWULND� ��� ��������

*HOIDQG� $� (�� 	 6PLWK� $� )� 0� ������� 6DPSOLQJ�EDVHG DSSURDFKHV WR FDOFXODWLQJ

PDUJLQDO GHQVLWLHV� -RXUQDO RI WKH $PHULFDQ 6WDWLVWLFDO $VVRFLDWLRQ� ��� ��������

*HOPDQ� $�� &DUOLQ� -� %�� 6WHUQ� +� 6�� 	 5XELQ� '� %� ������� %D\HVLDQ GDWD DQDO\VLV�

/RQGRQ� &KDSPDQ 	 +DOO�

*HPDQ� 6�� 	 *HPDQ� '� ������� 6WRFKDVWLF UHOD[DWLRQ� *LEEV GLVWULEXWLRQ� DQG

WKH %D\HVLDQ UHVWRUDWLRQ RI LPDJHV� ,((( 7UDQVDFWLRQV RQ 3DWWHUQ $QDO\VLV DQG 0DFKLQH

,QWHOOLJHQFH� �� ��������

*LEERQV� 5� '�� 	 %RFN� 5� '� ������� 7UHQG LQ FRUUHODWHG SURSRUWLRQV� 3V\FKRPHWULND�

��� ��������

*LEERQV� 5� '�� 	 +HGHNHU� '� 5� ������� )XOO�LQIRUPDWLRQ LWHP EL�IDFWRU DQDO\VLV�

3V\FKRPHWULND� ��� ��������

*ODV� &�$�:�� :DLQHU� +�� 	 %UDGORZ ������� 00/ DQG ($3 HVWLPDWHV IRU WKH WHVWOHW

UHVSRQVH PRGHO� ,Q :�-� YDQ GHU /LQGHQ 	 &�$�:� *ODV �(GV��� &RPSXWHU $GDSWLYH 7HVWLQJ�

7KHRU\ DQG 3UDFWLFH� %RVWRQ 0$� .OXZHU�1LMKRII 3XEOLVKLQJ�

*ROGVWHLQ� +� ������� 0XOWLOHYHO VWDWLVWLFDO PRGHOV ��QG HG��� /RQGRQ� (GZDUG $UQROG�

+HGHNHU� '� 5�� 	 *LEERQV� 5� '� ������� $ UDQGRP�HIIHFWV RUGLQDO UHJUHVVLRQ PRGHO

IRU PXOWLOHYHO DQDO\VLV� %LRPHWULFV� ��� ��������

+REHUW� -� 3�� 	 *H\HU� &� -� ������� *HRPHWULF HUJRGLFLW\ RI *LEEV DQG EORFN *LEEV

VDPSOHUV IRU D KLHUDUFKLFDO UDQGRP HIIHFWV PRGHO� -RXUQDO RI 0XOWLYDULDWH $QDO\VLV� ��� ����

����

,S� (� +� 6� ������� $ VWRFKDVWLF (0 DOJRULWKP LQ WKH SUHVHQFH RI PLVVLQJ GDWD �

WKHRU\ DQG DSSOLFDWLRQV� 7HFKQLFDO 5HSRUW '06 ��������� 'HSDUWPHQW RI 6WDWLVWLFV� 6WDQIRUG

8QLYHUVLW\�

-RKQVRQ� 9� (�� 	 $OEHUW� -� +� �������2UGLQDO GDWD PRGHOLQJ� 1HZ <RUN� 1<� 6SULQJHU�

9HUODJ� ,QF�

/HKPDQQ� (� /�� 	 &DVHOOD� *� ������� 7KH WKHRU\ RI SRLQW HVWLPDWLRQ ��QG HG��� 1HZ

<RUN� 1<� 6SULQJHU�9HUODJ 1HZ <RUN� ,QF�

/LQGOH\� '� 9�� 	 6PLWK� $� )� 0� ������� %D\HV HVWLPDWHV IRU WKH OLQHDU PRGHO� -RXUQDO

RI WKH 5R\DO 6WDWLVWLFDO 6RFLHW\� 6HULHV %� ��� �����
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/LX� -� 6�� :RQJ� +� :�� 	 .RQJ� $� ������� &RYDULDQFH VWUXFWXUH RI WKH *LEEV VDPSOHU

ZLWK DSSOLFDWLRQV WR WKH FRPSDULVRQV RI HVWLPDWRUV DQG DXJPHQWDWLRQ VFKHPHV� %LRPHWULND� ���

������

/RUG� )� 0� ������� $SSOLFDWLRQV RI ,WHP 5HVSRQVH 7KHRU\ WR SUDFWLFDO WHVWLQJ SUREOHPV�

+LOOVGDOH� 1HZ -HUVH\� /DZUHQFH (UOEDXP $VVRFLDWHV� ,QF�� 3XEOLVKHUV�

/RXLV� 7� $� ������� )LQGLQJ WKH REVHUYHG LQIRUPDWLRQ PDWUL[ ZKHQ XVLQJ WKH (0

DOJRULWKP� -RXUQDO RI WKH 5R\DO 6WDWLVWLFDO 6RFLHW\� 6HULHV %� ��� ��������

0LVOHY\� 5� -�� 	 %RFN� 5� '� ������� $ KLHUDUFKLFDO LWHP�UHVSRQVH PRGHO IRU

HGXFDWLRQDO WHVWLQJ� ,Q 5� '� %RFN �(GV��� 0XOWLOHYHO DQDO\VLV RI HGXFDWLRQDO GDWD �SS� �������

6DQ 'LHJR� $FDGHPLF 3UHVV�

3DW]� 5� -�� 	 -XQNHU� %� :� ������� $SSOLFDWLRQV DQG H[WHQVLRQV RI 0&0& LQ ,57�

0XOWLSOH LWHP W\SHV� PLVVLQJ GDWD� DQG UDWHG UHVSRQVHV� -RXUQDO RI (GXFDWLRQDO DQG %HKDYLRUDO

6WDWLVWLFV� ��� ��������

5DXGHQEXVK� 6�:�� 	 6DPSVRQ� 5�-� ������� (FRPHWULFV� 7RZDUG D VFLHQFH RI DVVHVVLQJ

HFRORJLFDO VHWWLQJV� ZLWK DSSOLFDWLRQ WR WKH V\VWHPDWLF VRFLDO REVHUYDWLRQ RI QHLJKERUKRRGV�

6RFLRORJLFDO 0HWKRGRORJ\� ��� �����

5REHUWV� *� 2�� 	 6DKX� 6� .� ������� 8SGDWLQJ VFKHPHV� FRUUHODWLRQ VWUXFWXUH� EORFNLQJ

DQG SDUDPHWUL]DWLRQ IRU WKH *LEEV VDPSOHU� -RXUQDO RI WKH 5R\DO 6WDWLVWLFDO 6RFLHW\� 6HULHV %�

��� ��������

6HDUOH� 6� 5� ������� /LQHDU 0RGHOV� 1HZ <RUN� 1<� -RKQ :LOH\ 	 6RQV� ,QF�

YDQ GHU /LQGHQ� :� -�� 	 +DPEOHWRQ� 5� .� ������� +DQGERRN RI PRGHUQ LWHP UHVSRQVH

WKHRU\� 1HZ <RUN� 1<� 6SULQJHU�9HUODJ 1HZ <RUN� ,QF�

:HL� *�&�*�� 	 7DQQHU� 0�$� ������� $ 0RQWH &DUOR LPSOHPHQWDWLRQ RI WKH (0

DOJRULWKP DQG WKH SRRU PDQ¶V 'DWD $XJPHQWDWLRQ DOJRULWKPV� -RXUQDO RI WKH $PHULFDQ

6WDWLVWLFDO $VVRFLDWLRQ� ��� ��������

=LPRZVNL� 0� )�� 0XUDNL� (�� 0LVOHY\� 5� -�� 	 %RFN� 5� '� ������� %LORJ 0*� 0XOWLSOH�

JURXS ,57 DQDO\VLV DQG WHVW PDLQWHQDQFH IRU ELQDU\ LWHPV� &KLFDJR� ,/� 6FLHQWL¿F 6RIWZDUH

,QWHUQDWLRQDO� ,QF�
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7DEOH �� 3DUDPHWHU HVWLPDWHV RI WKH GLVFULPLQDWLRQ SDUDPHWHU ZLWK 6(0 DQG WKH *LEEV
VDPSOHU�

6(0 *LEEV 6DPSOHU

PHDQ PD[

,WHP d 6' d 6' d 36' &,

4 =;89 =3:8 =;49 =3:7 =:;7 =3:7 ^3=979> 3=<6;`
5 =987 =399 =94< =397 =8<: =394 ^3=7;8> 3=:57`
6 =<5; =3;9 4=36; =3;8 =;:3 =3<9 ^3=9<;> 4=3:6`
7 =99; =38: =964 =397 =95; =38< ^3=853> 3=:84`
8 4=48; =3;9 4=38; =3;: 4=3;< =3<< ^3=<39> 4=5<9`
9 4=4<3 =3;: 4=498 =3;8 4=3<: =3<4 ^3=<5:> 4=5<3`
: =5<: =385 =5;3 =389 =598 =375 ^3=4;9> 3=684`
; 4=787 =3:5 4=778 =3:7 4=73: =455 ^4=4;9> 4=996`
< =<9; =3:5 =;<7 =3:7 =<44 =3:; ^3=:9:> 4=3:;`

43 =<:5 =3:6 =<45 =3:5 =<43 =3:; ^3=:98> 4=3:6`
44 =<5: =3;6 =;78 =3;5 =;78 =3;7 ^3=9<4> 4=358`
45 4=34< =3:8 =<;4 =3:8 =<93 =3;; ^3=:<9> 4=476`
46 =:6; =393 =985 =394 =9<9 =397 ^3=8:;> 3=;63`
47 4=445 =3:9 4=37: =3:8 4=388 =3<5 ^3=;;;> 4=583`
48 =:79 =395 =9;4 =395 =9<; =399 ^3=8:8> 3=;66`
49 =895 =388 =8:4 =386 =858 =386 ^3=75:> 3=965`
4: =9;8 =38; =974 =38: =97: =394 ^3=866> 3=::8`
4; 4=375 =395 =<97 =395 4=344 =3;: ^3=;83> 4=4<8`
4< 4=4:7 =3;6 4=383 =3;7 4=3;7 =43: ^3=;;;> 4=637`
53 =<:: =3:4 =;;7 =3:5 =<47 =3;5 ^3=:97> 4=3;6`
54 =<:6 =3;3 =;<; =3;3 =;;4 =3:8 ^3=:76> 4=36:`
55 =<88 =3:4 =<3< =3:5 =;<6 =3;5 ^3=:74> 4=395`
56 4=446 =396 =<;5 =396 4=3;4 =3;< ^3=<49> 4=598`
57 4 3 4 3 4 3 ^4> 4`
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7DEOH �� 3DUDPHWHU HVWLPDWHV RI WKH GLI¿FXOW\ SDUDPHWHU ZLWK 6(0 DQG WKH *LEEV VDPSOHU�

6(0 *LEEV 6DPSOHU

PHDQ PD[

,WHP e 6' e 6' e 36' &,

4 �=55: =37< �=58: =378 �=58< =377 ^�=674>�=49;`
5 �=49< =378 �=4<3 =379 �=4<: =36; ^�=599>�=44<`
6 �=;76 =37; �=;69 =376 �=;:3 =384 ^�=<96>�=:99`
7 =665 =375 =648 =375 =646 =373 ^=574> =6<9`
8 �=5;4 =384 �=5;7 =385 �=645 =389 ^�=747>�=4<8`
9 =:3; =38< =:66 =38< =996 =393 ^=886> =:<3`
: =7:8 =374 =777 =375 =78; =364 ^=733> =854`
; �=3;9 =37; �=3:5 =377 �=43< =39< ^�=567> =368`
< =7;4 =37< =79; =384 =788 =384 ^=695> =893`

43 =433 =37: =3;3 =378 =3:6 =37< ^�=349> =4:9`
44 �=784 =383 �=787 =383 �=7;: =37; ^�=8:7>�=6;;`
45 �=555 =37; �=53: =383 �=57< =384 ^�=675>�=476`
46 =485 =374 =454 =374 =466 =375 ^=389> =54;`
47 =385 =37< =364 =37< =359 =388 ^�=3:5> =475`
48 �=378 =376 �=3:; =376 �=39: =374 ^�=475> =353`
49 =549 =374 =566 =375 =4<; =368 ^=466> =5:4`
4: =576 =374 =556 =375 =559 =373 ^=485> =63<`
4; =493 =376 =459 =377 =47: =387 ^=37<> =58<`
4< �=88: =385 �=8<4 =383 �=8<8 =389 ^�=9<;>�=7:9`
53 �=457 =3:7 �=465 =39; �=487 =37< ^�=577>�=386`
54 =5;< =387 =58< =388 =577 =37; ^=489> =679`
55 �=4:: =379 �=545 =379 �=538 =37; ^�=5<6>�=438`
56 =4<< =376 =487 =376 =4;7 =388 ^=3;6> =5<<`
57 3 3 3 3 3 3 ^3> 3`

7DEOH �� 3DUDPHWHU HVWLPDWHV RI WKH PXOWLOHYHO PRGHO ZLWK WKH *LEEV VDPSOHU� 6(0 DQG
+/0 XVLQJ VXP VFRUHV�

6(0 *LEEV 6DPSOHU +/0

PHDQ PD[

)L[HG (IIHFWV 3DU� 6' 3DU� 6' 3DU� 36' &, 3DU� 6'

�
33

=667 =537 =67< =4<: =65: =539 ^�=3:7> =:5<` =694 =377
�34 =595 =56: =5:6 =558 =5:: =569 ^�=4;6> =:73` =556 =384
�43 =4;7 =347 =4<9 =346 =4<7 =34; ^=493> =564` =489 =343
�
53

=48; =347 =49; =347 =49; =34: ^=469> =537` =45: =344

5DQGRP (IIHFWV 3DU� 6' 3DU� 6' 3DU� 36' &, 3DU�

� =756 =353 =76< =354 =778 =35: ^=6;:> =839` =776
� =556 =343 =549 =33< =5<7 =35: ^=555> =6<3` =4<4


